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Abstract
We study a natural contact instanton (CI) equation on gauge fields over 7-dimensional Sasakian manifolds, which
is closely related both to the transverse Hermitian Yang-Mills (HYM) condition and the G2-instanton equation. We
obtain, by Fredholm theory, a finite-dimensional local model for the moduli space of irreducible solutions. Following
the approach by Baraglia and Hekmati in 5 dimensions [BH16], we derive cohomological conditions for smoothness,
and we express its dimension in terms of the index of a transverse elliptic operator. Finally we show that the moduli
space of selfdual (SD) contact instantons is Kähler, in the Sasakian case.
As an instance of concrete interest, we specialise to transversely holomorphic Sasakian bundles over contact
Calabi-Yau 7-manifolds, as studied by Calvo-Andrade, Rodríguez and Sá Earp [CARSE16], and we show that in this
context the notions of contact instanton, integrable G2-instanton and HYM connection coincide.
Contents
1 Introduction 2
1.1 Instantons in 7-dimensions: contact, Hermitian Yang-Mills and G2 . . . . . . . . . . . . . 2
1.2 Local model of the moduli space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Geometric structures on the moduli space . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2 Preliminaries on Sasakian geometry 5
2.1 Horizontal forms and the contact instanton equation . . . . . . . . . . . . . . . . . . . . . 6
2.2 Splitting of complexified differential forms . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Proof of Proposition 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3 Gauge theory on 7-dimensional Sasakian manifolds 11
3.1 Infinitesimal deformations of contact instantons . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 The extended complex of selfdual contact instantons . . . . . . . . . . . . . . . . . . . . 13
3.3 G2-instantons on contact Calabi-Yau manifolds . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 The Yang-Mills and Chern-Simons functionals . . . . . . . . . . . . . . . . . . . . . . . 16
4 The moduli space of contact instantons in 7-dimensions 19
4.1 The associated elliptic complex of a contact instanton . . . . . . . . . . . . . . . . . . . . 19
4.2 Deformation theory of SDCI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.3 Obstruction and smoothness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5 Geometric structures on the contact instanton moduli spaceM∗ 33
5.1 Riemannian metric onM∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2 Complex structure onM∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
5.3 Kähler structure onM∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
A Sasakian vector bundles 41
A.1 Differential forms on Sasakian manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . 41
A.2 Partial connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
A.3 Hermitian and holomorphic structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
1
ar
X
iv
:1
90
6.
11
33
4v
3 
 [m
ath
.D
G]
  2
7 M
ay
 20
20
1 Introduction
We describe the moduli space of solutions to a natural gauge-theoretic equation, on a suitable class of vector bundles
over a Sasakian manifold M . In the 1980s, Donaldson et al. studied solutions of the instanton equation ±FA = ∗FA
in order to understand the geometry of 4-manifolds, where FA is the curvature of a connection A and ∗ is the Hodge
star, cf. [DK90]. On manifolds of dimension d ≥ 4, this equation can be generalised, relatively to an appropriate
(d− 4)-form σ, by
λFA = ∗(σ ∧ FA), (1.1)
for eigenvalues λ of ∗(σ ∧ ·) : Ω2(M) → Ω2(M), cf. [DT98, Tia00]. We shall be particularly interested in Sasakian
7-manifolds, on which the contact structure η induces a natural 3-form σ = η ∧ dη with λ ∈ {±1,−2} (see §2.1.4).
Indeed, in that context we argue that the meaningful condition is the selfdual contact instanton (SDCI) equation.
We adopt the approach of Baraglia and Hekmati [BH16], who described the moduli space of contact instantons on
contact metric 5-manifolds, studying obstructions to smoothness and determining its expected dimension as the index
of an elliptic operator transverse to the Reeb foliation. We will see that these results admit precise analogues in the
appropriate 7-dimensional setup, while some new distinct gauge-theoretic phenomena also occur.
1.1 Instantons in 7-dimensions: contact, Hermitian Yang-Mills and G2
Let (M2n+1, η, ξ) denote a contact manifold, with contact form η and Reeb vector field ξ [BG08, Bla10]. Then the
natural (2n− 3)-form σ = η ∧ (dη)n−2 provides an instance of (1.1):
± FA = ∗(η ∧ (dη)n−2 ∧ FA). (1.2)
Solutions of (1.2) are said to be self dual contact instantons (SDCI) for λ = 1 (respectively anti-selfdual contact
instanton (ASDCI) for λ = −1).
When the contact manifold is endowed in addition with a Sasakian structure, namely an integrable transverse
complex structure Φ and a compatible metric g, Biswas [BS10] proposes a natural notion of Sasakian holomorphic
structure for complex vector bundles E → M (see Appendix A). We recall that a connection A on a complex vector
bundle over a Kähler manifold is said to be Hermitian Yang-Mills (HYM) if
FˆA := (FA, ω) = 0 and F
0,2
A = 0. (1.3)
This notion indeed extends to Sasakian bundles, by taking ω := dη ∈ Ω1,1(M) as a ‘transverse Kähler form’, and
defining HYM connections to be the solutions of (1.3) in that sense. The well-known concept of Chern connection
also extends, namely as a connection mutually compatible with the holomorphic structure (integrable) and a given
Hermitian bundle metric (unitary), see [BS10, § 3].
An important class of Sasakian manifolds are those endowed with a contact Calabi-Yau (cCY) structure [Definition
3.8], the Riemannian metrics of which have transverse holonomy SU(2n+1), in the sense of foliations, corresponding
to the existence of a global transverse holomorphic volume form ε ∈ Ωn,0(M) [HV15]. Furthermore, when n = 3,
such cCY 7-manifolds are naturally endowed with a G2-structure defined by the 3-form
ϕ := η ∧ dη + Im(ε), (1.4)
which is cocalibrated, in the sense that its Hodge dual ψ := ∗gϕ is closed under the de Rham differential. When a
3-form ϕ on a 7-manifold defines a G2-structure, the instanton condition (1.1) for σ = ϕ and λ = 1 is referred to as the
G2-instanton equation. On holomorphic Sasakian bundles over closed cCY 7-manifolds, it has the distinctive feature
that integrable solutions are indeed Yang-Mills critical points, even though the G2-structure has torsion [CARSE16].
As a first point of interest, we will describe exactly how the three above concepts of instanton interrelate on suitable
Sasakian 7-manifolds. The contact instanton equation (1.2) in this case is determined by the natural 3-form
σ := η ∧ dη. (1.5)
The operator ∗(σ ∧ ·) splits the space of 2-forms into {±1,−2}-eigenspaces [§2.1.4]. However, the (−2)-eigenspace
is 1-dimensional, spanned by dη and rather uninteresting, so we will focus on the (±1)-eigenspaces, which in some
sense still signify the instanton equation (1.1) as an (anti-) selfduality condition. The SDCI and HYM conditions are
related as follows.
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Proposition 1.1. Let E → M be a complex Sasakian bundle over (M2n+1, η, ξ, g,Φ). If a connection A ∈ A(E) is
SDCI, then A is a transverse HYM connection. Conversely, if moreover E underlies a holomorphic Sasakian bundle
E [Definition A.5] and A ∈ A(E) is an integrable HYM connection, then A is a SDCI [§2.3].
In particular, on a contact Calabi-Yau 7-manifold, the three notions of instanton are related in the following ways:
Theorem 1.1. Let E be a holomorphic Sasakian bundle over a contact Calabi-Yau manifold (M7, η, ξ, g,Φ) endowed
with its natural G2-structure (1.4); then the following hold:
(i) Every solution of the contact instanton equation ±FA = ∗(σ ∧FA) is also a solution of ∗(ϕ∧FA) = ±FA, i.e.,
every contact instanton is a G2-instanton [Proposition 3.11].
(ii) A Chern connection is a G2-instanton if, and only if, it is a contact instanton [Proposition 3.12].
(iii) A Chern connection is HYM if, and only if, it is a G2-instanton [CARSE16, Lemma 21].
In particular, among Chern connections, the three notions are equivalent.
1.2 Local model of the moduli space
Our first main result is a complete description of the local deformation theory of 7-dimensional Sasakian contact
instantons. Let E → M be a Sasakian vector bundle with compact, connected, semi-simple structure group G, and
denote by gE its adjoint bundle and by Ωk(gE) the gE-valued k-forms on M . The operator
Lσ := ∗(σ ∧ ·) : Ω2(gE)→ Ω2(gE) (1.6)
induces the irreducible splitting [cf. (2.13)]
Ω2(gE) = (Ω
2
6 ⊕ Ω28 ⊕ Ω21︸ ︷︷ ︸
Ω2H
⊕ Ω2V )(gE)
where Ω26(gE), Ω
2
8(gE) and Ω
2
1(gE) are the eigenspaces associated to −1, 1 and −2, respectively. In Proposition 3.1,
we show that Chern connections with curvature in Ω26(gE), i.e. anti-selfdual contact instantons, are necessarily flat.
Hence the meaningful notion of Sasakian instanton in this case is that of SDCI, with curvature in Ω28(gE), which is
the kernel of the projection map
p : Ω2H(gE)→ Ω26⊕1(gE) := (Ω26 ⊕ Ω21)(gE). (1.7)
The Hilbert Lie group G of smooth gauge transformations acts smoothly on the space A(E) of connections on E,
and the topological quotient B := A/G is a Hausdorff space. We denote by B∗ ⊂ B the open subspace of irreducible
connections, byM⊂ B the set of gauge equivalence classes of solutions to the SDCI equation:
M := {[A] ∈ B | p(FA) = 0}, (1.8)
and, accordingly, by M∗ ⊂ M its irreducible stratum. Linearising the SDCI condition, in terms of the projection
(1.7), we introduce:
d7 := p ◦ dA : Ω1H(gE)→ Ω26⊕1(gE). (1.9)
In Proposition 3.4, we will see that a local model for the moduli spaceM∗ of SDCI is given by the cohomology group
H1(C) := ker(d7)im(dA) of the deformation complex
C• : 0 Ω0(gE) Ω1(gE) Ω26⊕1(gE) 0
dA d7 . (1.10)
This complex, however, is not elliptic, and in order to compute the dimension of H1(C) we resort to an auxiliary
construction, studied in §4. We introduce the quotient spaces of k-forms modulo the Lie algebra ideal I generated by
Ω28(gE):
Lk :=
Ωk(gE)
I
, k = 0, 1, 2, 3, with I :=
〈
Ω28(gE)
〉 ⊂ (Ω•(gE),∧) .
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For a natural choice of differentials Dk, the Lk spaces fit in a complex [Proposition 4.5]:
L• : 0 L0 L1 L2 L3 0D0 D1 D2 . (1.11)
We denote by H• := H•(L) the cohomology of (1.11), and indeed the first cohomology group H1 is isomorphic to
the infinitesimal deformations of [A] ∈M as a contact instanton.
Relatively to the Reeb orbits, a S1-invariant differential form α ∈ Ω•(M) is called basic. The graded ring Ω•B(M)
of basic forms inherits a natural basic de Rham differential
dB := d|ΩkB(M) : Ω
k
B(M)→ Ωk+1B (M),
and the cohomology of dB is referred to as the basic de Rham cohomology. Restricting the differentials Dk in (1.11)
to basic forms in Lk = Ωk(M)/〈Ω28〉, we obtain a basic complex [Proposition 4.5]:
L•B : 0 Ω
0
B(gE) Ω
1
B(gE) (Ω
2
6⊕1)B(gE) 0
DB DB . (1.12)
We denote by H•B := H
•(LB) the corresponding basic cohomology. If A is a contact instanton, the transverse index
of A is defined as the index of the basic complex (1.12):
indexT (A) = dim(H0B)− dim(H1B) + dim(H2B).
In particular, when A is irreducible, indexT (A) = dim(H2B) − dim(H1B). In summary, we formulate a local model
for the moduli spaceM∗ in terms of basic cohomology:
Theorem 1.2. Let E→M be a Sasakian G-bundle over a closed connected Sasakian manifold (M7, η, ξ, g,Φ), with
adjoint bundle gE , and denote byM∗ the moduli space (1.8) of irreducible selfudal contact instantons, i.e. solutions
of (1.1) for λ = 1:
FA = ∗(η ∧ dη ∧ FA).
Then, the following hold:
(i) The tangent space of M∗ at [A], i.e. the space of infinitesimal deformations of [A] as a contact instanton, is
isomorphic to the finite-dimensional cohomology group H1(C) := ker(d7)im(dA) of the complex (1.10), and
dim(T[A]M∗) = dim(H2(C)).
(ii) The dimension ofM∗ near [A] can be computed from the cohomology of the basic complex (1.12), which is ellip-
tic transversely to the Reeb foliation, namely there is an isomorphism H1 ∼= H1B , where H1B is the cohomology
of (1.12):
dim(T[A]M∗) = dim(H2B)− indexT (A).
(iii) The local model ofM∗ is cut out as the zero set of an obstruction map [Definition 4.31], which vanishes precisely
when H2B = 0 [Proposition 4.27]. Thus, for an irreducible selfdual contact instanton A such that H
2
B = 0,M∗
is smooth near A, with finite dimension dimM∗ = − indexT (A) [Corollary 4.26].
Remark 1.2. Parts (i) and (ii) in Theorem 1.2 establish somewhat independently that the tangent space near an
irreducible contact instanton is finite-dimensional, since it occurs as the first cohomology group in both complexes
(1.11) and (1.12). However, in terms of the obstruction theory, we learn something finer from (ii) and (iii). In the
context of (i), the moduli space near an acyclic point, i.e. h0(C) = h2(C) = 0 in (1.10), would be necessarily 0-
dimensional, whereas the complex (1.12) in terms of basic cohomology is merely transverse-elliptic, hence the moduli
space near an acyclic smooth point, with h0B = h
2
B = 0, can in principle have nonzero dimension − indexT (A).
Remark 1.3. For most steps in our arguments, it suffices to assumeM compact and connected, with possibly nontrivial
boundary. However, in Theorem 1.1–(iii), taken from [CARSE16, Lemma 21], and in Propositions 3.14 and 4.16,
one actually needs M to be closed.
Remark 1.4. For a Sasakian 7-manifold with positive transverse scalar curvature, the second basic cohomology group
H2B should vanish, and therefore M∗ is smooth. This is announced here as Conjecture 5.13, to be expanded in
subsequent work. In particular, indexT (A) = −dim(H1B), by Theorem 1.2–(ii).
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Regarding the various notions of instanton related by Theorem 1.1, Theorem 1.2 has the following significance:
Corollary 1.5. Let E → M be a holomorphic Sasakian bundle over a 7-dimensional cCY manifold (M7, η, ξ, g,Φ),
endowed with its natural G2-structure (1.4). Among Chern connections in A(E), the three notions of instanton
coincide: SDCI, HYM connections and G2-instantons. The complex (1.10) describes their local deformations, and
Theorem 1.2 describes their moduli space.
1.3 Geometric structures on the moduli space
We are furthermore interested in geometric structures on the SDCI moduli spaceM∗ [cf. (1.8)], in the hope that this
might lead in the future to constructing new invariants of Sasakian manifolds.
By means of comparison, under suitable assumptions, the moduli space of ASD contact instantons on a Sasakian
5-manifold (M5, η, ξ, g,Φ) is Kähler [BH16, § 4.3], and moreover hyper-Kähler in the transverse Calabi-Yau case.
We will see that, even though this does not generalise verbatim to the 7–dimensional contact Calabi-Yau case, M∗
still inherits a natural Kähler structure:
Theorem 1.3. In the situation of Theorem 1.2, the moduli spaceM∗ of irreducible SDCI carries a natural Riemannian
metric [cf. (5.2)], a complex structure J induced by the transverse complex structure J := Φ|H, and a symplectic
2-form Ω, such that (M∗,J ,Ω) is a Kähler manifold.
Outline: In §2.1.4, we describe the local splitting (2.13) of Ω2(M) under the contact structure and the operator
Lσ := ∗(σ ∧ ·) from (1.6). Another natural decomposition of Ω2(gE) comes from the transverse complex structure
induced by Φ ∈ End(TM), and both are related by (2.16). Furthermore, the endomorphism Φ provides a notion of
transverse holomorphicity for complex vector bundles over Sasakian manifolds [Appendix A], hence also notions of
unitary and integrable connections. We show, in Proposition 3.1, that imposing these conditions on a connection forces
its curvature component in Ω26(gE) to vanish, hence the only nontrivial theory in this context is the SDCI case.
Parts (i) and (ii) of Theorem 1.1 are proven respectively in Propositions 3.11 and 3.12. The proof of Theorem 1.2 is
organised as follows: (i) is the content of Proposition 3.4, which uses an auxiliary elliptic complex [Proposition 3.7] to
establish that this local model has finite dimension; (ii) is an immediate consequence [Corollary 4.18] of Proposition
4.17; and (iii) requires a thorough study of the moduli space of the obstruction theory of SDCI, under the 5-dimensional
paradigm from [BH16], culminating in Proposition 4.27. Finally, in §5 we study the geometry of the moduli space,
showing thatM∗ inherits a complex structure [ Proposition 5.7] and a Kähler 2-form [Proposition 5.10], thus proving
Theorem 1.3.
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- Brasil (CAPES) - Finance Code 001, and by the Brazilian National Council for Scientific and Technological De-
velopment (CNPq) grant 141215/2019-4, at Unicamp, Brazil. HSE was funded by CNPq productivity grant PQ2
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2 Preliminaries on Sasakian geometry
We follow the standard references for Sasakian geometry [BG08, Bla10]. A Sasakian structure on a smooth manifold
M2n+1 is a quadruple (η, ξ, g,Φ) such that (M, g) is a Riemannian manifold, (M,η) is a contact manifold with Reeb
field ξ and Φ ∈ End(TM) is a transverse complex structure, satisfying the following compatibility relations:
(i) g(ξ, ξ) = 1,
(ii) Φ ◦ Φ = −ITM + η ⊗ ξ,
(iii) g(ΦX,ΦY ) = g(X,Y )− η(X)η(Y ),
(iv) ∇gXξ = −ΦX,
(v) (∇gXΦ)(Y ) = g(X,Y )ξ − η(Y )X,
where X,Y are vector fields on M and ∇g is the Levi-Civita connection of g. In that case we say (M,η, ξ, g,Φ) is
a Sasakian manifold, equivalently, M is Sasakian manifold if and only if the metric cone (R+ ×M,dr2 + r2 · g) is
Kähler.
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2.1 Horizontal forms and the contact instanton equation
2.1.1 Vertical and horizontal forms
Hereinafter we set σ := η ∧ dη. For a p-form α and a vector field v on M , the metric g is compatible, in the sense that
∗(vyα) = v[ ∧ ∗α, where v[ := g(v, ·) and ∗ is the Hodge operator of g. Notice that ξ[ = η, thus applying the above
formula to v = ξ and α = ∗β for a p-form β, we obtain
∗(ξy ∗ β) = ξ[ ∧ (∗2β) = (−1)p(n−p)η ∧ β,
or, equivalently,
iξ(∗β) = (−1)p ∗ (η ∧ β), ∀β ∈ Ωp(M). (2.1)
Furthermore, the contact structure induces a natural operator
T := η ∧ iξ(·) : Ωp(M)→ Ωp(M), (2.2)
which is a projection:
T 2(α) = (η ∧ iξ)(η ∧ iξα) = (η ∧ iξ)(iξη ∧ α− iξ(η ∧ α)) = (η ∧ iξ)(α)
= T (α).
As such, it splits any α ∈ Ω•(M) into horizontal and vertical components:
α = (1− η ∧ iξ)α+ η ∧ iξα = αH + αV = iξ(η ∧ α)︸ ︷︷ ︸
αH
+ η ∧ iξα︸ ︷︷ ︸
αV
, (2.3)
this provides a splitting Ω•(M) = Ω•H(M) ⊕ Ω•V (M), where Ω•H(M) and Ω•V (M) are the horizontal and vertical
parts, respectively.
2.1.2 The contact instanton equation in 7 dimensions
From now on, unless otherwise stated, we will fix dimM = 7. Equation (2.3) suggests a natural ‘instanton equation’
as follows: consider α ∈ Ω2(M), applying the contraction (2.1) to dη ∧ α ∈ Ω4(M), we obtain
iξ(∗(dη ∧ α)) = ∗ (σ ∧ α) , with σ = η ∧ dη.
This motivates the introduction of operator Lσ : Ω2H(M) → Ω2H(M) in (1.6). In next section we show that ±1
are eigenvalues of Lσ and that Lσ|
Ω2
V
(M)
= 0, and this extends in the natural way to Ω2(gE). If α = FA is the
curvature of a connection A on a suitable vector bundle E→ M , a natural instance of the contact instanton equation
is ∗(σ ∧ FA) = iξ(∗(dη ∧ FA)) = ±FA, or, equivalently,
∗ FA = ±σ ∧ FA. (2.4)
Notice that η ∧ (ω)3 6= 0 is a volume form on M , ∗(σ ∧ ω) = cωω where cω 6= 1 is a constant, this contrasts with
5-dimensional case in [BH16] and classical 4-dimensional gauge theory in which ω is selfdual.
2.1.3 Transverse Hodge star operator and Sasakian Kähler identities
Let us briefly describe the transverse complex geometry on a Sasakian manifold (M,η, ξ, g,Φ), referring to [BG08]
for a thorough treatment. Relatively to the Reeb foliation, the usual Hodge star induces a transverse Hodge star
operator ∗T : ΩkH(M)→ Ωm−(k+1)H (M) by the formula [Ton12, § 12]
∗T (β) = (−1)m−1−k ∗ (β ∧ η). (2.5)
Both operators are compatible, in the sense that
∗ α = ∗Tα ∧ η, ∀α ∈ Ω•H(M). (2.6)
The following result appears in the literature in various guises [ibid.], but since it will play a central role in §5.3,
we include a full proof here.
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Lemma 2.1. Let (M,η, ξ, g,Φ) be a Sasakian manifold and denote by J := Φ|H the restriction of Φ ∈ End(TM) to
the horizontal distribution, cf. (A.1). If β ∈ Ω1H(g) is a transverse 1–form, then
∗T (β) = 1
2
Jβ ∧ ω2.
Proof. By excess in degree, for any β ∈ Ω1H(g) the transverse 7–form β ∧ ω3 is zero, so
0 = β]y(β ∧ ω3)
= β(β]) ∧ ω3 − 3β ∧ (ω2 ∧ (β]yω)).
The conclusion now follows by a short computation:
β ∧ ∗Tβ = (β, β)ω
3
3!
=
1
6
β(β])ω3 =
1
2
β ∧ ω2 ∧ (β]yω)
=
1
2
β ∧ ω2 ∧ Jβ.
Now, acting on (p, q)-forms, we have well-defined operators
∂B : Ω
p,q
B → Ωp+1,qB and ∂¯B : Ωp,qB → Ωp,q+1B , (2.7)
which naturally extend to g–valued forms. In terms of the transverse Hodge star (2.5), the operators (2.7) have adjoints
∂∗B : Ω
p,q
B → Ωp−1,qB
∂∗B := − ∗T ∂∗B∗T
and
∂¯∗B : Ω
p,q
B → Ωp,q−1B
∂¯∗B := − ∗T ∂¯∗B ∗T .
(2.8)
Let 〈·, ·〉g be an invariant metric on g, an inner product on Ω•(gE) is defined by:
(α, β)M =
∫
M
〈α ∧ ∗β〉g. (2.9)
Note that from (2.6) the inner product in (2.9) can be rewritten as (α, β)M =
∫
M
〈α∧∗Tβ〉 ∧ η. Denoting the exterior
product with ω := dη by
Lω : α ∈ Ωk(Fξ) 7→ α ∧ ω ∈ Ωk+2(Fξ), (2.10)
its adjoint with respect to the transverse Hodge star (2.5) is the transverse Lefschetz operator
Λ := L∗ω = − ∗T Lω ∗T . (2.11)
For later use in §5, we recall the Sasakian Kähler identities:
Lemma 2.2 ([BG08, Lemma 7.2.7]). On a Sasakian manifold, the following properties hold:
(i) [Λ, ∂B ] = −i∂¯∗B
(ii) [Λ, ∂¯B ] = i∂∗B
(iii) ∂B ∂¯∗B + ∂¯
∗
B∂B = ∂
∗
B ∂¯B + ∂¯B∂
∗
B = 0
(iv) ∂∗B∂B + ∂B∂
∗
B = ∂¯
∗
B ∂¯B + ∂¯B ∂¯
∗
B
(v) Defining ∆∂B := ∂
∗
B∂B + ∂B∂
∗
B and ∆∂¯B := ∂¯
∗
B ∂¯B + ∂¯B ∂¯
∗, then:
∆dB = 2∆∂¯B = 2∆∂B .
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2.1.4 Eigenspaces of Lσ = ∗(σ ∧ ·) from the contact structure
We will now examine how (2.4) splits into components according to the eigenspaces of Lσ defined in (1.6). Let
(x1, . . . , x7) be Sasakian Darboux coordinates on M [Bla10, Theorem. 3.1], such that the contact form η is given by
η = dx7 − (x4dx1 + x5dx2 + x6dx3).
Let Xi := ∂∂xi and dx
i1···ik := dxi1 ∧ · · · ∧ dxik ; in particular, X7 = ξ is the Reeb vector field, and the transverse
symplectic 2-form is expressed by ω := dη = dx14 + dx25 + dx36. In these coordinates, the projection T defined in
(2.2) acts as follows:
T (dxij) = η ∧ iξ(dxij) = 0, for 1 ≤ i < j ≤ 6;
T (dxi7) = η ∧ iξ(dxi7) = −η ∧ dxi, for i = 1, · · · , 6.
Therefore, the decomposition (2.3) determines a 15-dimensional horizontal space Ω2H and a 6-dimensional vertical
space Ω2V :
Ω2(M) = Span{dxij |1 ≤ i < j ≤ 6}︸ ︷︷ ︸
Ω2H :=Ω
2
15
⊕Span{dxi7|i = 1 · · · 6}︸ ︷︷ ︸
Ω2V
. (2.12)
Moreover, Lσ acts on the horizontal space
Ω2H = Span{dx12, dx13, dx14, dx15, dx16, dx23, dx24, dx25, dx26, dx34, dx35, dx36, dx45, dx46, dx56},
as follows:
Lσ(dx
12) = dx45 Lσ(dx
13) = dx46 Lσ(dx
15) = dx24 Lσ(dx
14) = −(dx36 + dx25) Lσ(dx45) = dx12
Lσ(dx
16) = dx34 Lσ(dx
23) = dx56 Lσ(dx
24) = dx15 Lσ(dx
25) = −(dx36 + dx14) Lσ(dx46) = dx13
Lσ(dx
26) = dx35 Lσ(dx
34) = dx16 Lσ(dx
35) = dx26 Lσ(dx
36) = −(dx25 + dx14) Lσ(dx56) = dx23.
For immediate convenience, let us fix the following notation:
v := dx14 + dx25 + dx36
v1 := dx
12 − dx45 v2 := dx15 − dx24 v3 := dx13 − dx46
v4 := dx
16 − dx34 v5 := dx23 − dx56 v6 := dx26 − dx35
w1 := dx
12 + dx45 w2 := dx
15 + dx24 w3 := dx
13 + dx46 w4 := dx
16 + dx34
w5 := dx
23 + dx56 w6 := dx
26 + dx35 w7 := dx
14 − dx36 w8 := dx25 − dx36.
It is easy to check that
Lσ(vi) = −vi, for i = 1, · · · , 6;
Lσ(wj) = wj , for j = 1, · · · , 8;
Lσ(v) = −2v.
Hence the operator Lσ defined in (1.6) splits Ω2H(M) into eigenspaces associated to {−2,−1, 1}, respectively:
Ω26 := Ω
2,−
H,6 = Span{v1, . . . , v6}, Ω28 := Ω2,+H,8 = Span{w1 . . . , w8}, Ω21 := Ω2H,1 = Span{v}. (2.13)
Therefore 2-forms decompose irreducibly as
Ω2(M) = Ω21 ⊕ Ω26 ⊕ Ω28 ⊕ Ω2V . (2.14)
Of course, this decomposition extends naturally to gE-valued 2-forms.
Lemma 2.3. The decompositions (2.3) and (2.14) are orthogonal with respect to the inner product (2.9).
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Proof. For α ∈ Ω2H(M) and β ∈ Ω2V (M) we have
(α, β) = (iξ(η ∧ α), β) = (α, η ∧ iξβ) = −ai(α, η ∧ dxi)
= (iξα, β) = 0.
Moreover, the operator ∗(σ ∧ (·)) : Ω2H(M)→ Ω2H(M) is self-adjoint: for α, β ∈ Ω2H(M),
(α, ∗(σ ∧ β))M =
∫
M
α ∧ ∗2(σ ∧ β) dvol =
∫
M
β ∧ σ ∧ α dvol
=
∫
M
β ∧ ∗2(σ ∧ α) dvol
= (∗(σ ∧ α), β)M ,
hence its eigenspaces are orthogonal.
2.2 Splitting of complexified differential forms
We establish some notation and elementary facts about the complexified tangent bundle, which are largely adapted
from [BS10] and reviewed in Appendix A. The contact structure splits the tangent bundle as TM = H ⊕ Nξ (A.1),
where H = ker(η) and Nξ is the real line bundle spanned by the Reeb field ξ. The transverse complex structure Φ
satisfies (Φ|H)2 = −1, so the eigenvalues of the complexified operator ΦC are ±i, with i :=
√−1. The complexifica-
tion HC := H ⊗R C splits as HC = H1,0⊕H0,1 (A.3), so we obtain a decomposition of direct sum of vector bundles
(A.4)
Λd(HC)
∗ =
d⊕
i=0
(Hi,d−i)∗.
This induces the decomposition of vector bundles (A.5)
Ωd(M) =
(
d⊕
i=0
Ωi,d−iH (M)
)
⊕
η ⊗
d−1⊕
j=0
Ωj,d−j−1H (M)
 ,
where Ωp,qH (M) := Γ(M,Λ
p(HC)∗ ⊗ Λq(HC)∗). Now, let us study more closely the space of 2-forms, from the
‘transverse complex’ point of view. Still in local Darboux coordinates (x1, · · · , x7), we denote the transverse complex
coordinates by
z1 := x1 + ix4, z2 := x2 + ix5 and z3 := x3 + ix6. (2.15)
We will denote, as usual, dzj := dxj + idxj+3 and dz¯j := dxj − idxj+3 for j = 1, 2, 3. In terms of the bases {vi}6i=1
and {wi}8i=1, from (2.13), the space Ω2,0(M) is locally spanned by
dz1 ∧ dz2 = (dx12 − dx45) + i(dx15 − dx24) = v1 + iv2
dz1 ∧ dz3 = (dx13 − dx46) + i(dx16 − dx34) = v3 + iv4
dz2 ∧ dz3 = (dx23 − dx56) + i(dx26 − dx35) = v5 + iv6,
we also compute
dz1 ∧ dz2 = (dx12 + dx45)− i(dx15 + dx24) = w1 − iw2
dz1 ∧ dz3 = (dx13 + dx46)− i(dx16 + dx34) = w3 − iw4
dz2 ∧ dz3 = (dx23 + dx56)− i(dx26 + dx35) = w5 − iw6
dz1 ∧ dz1 = −2idx14
dz2 ∧ dz2 = −2idx25
dz3 ∧ dz3 = −2idx36
dz2 ∧ dz1 = (dx12 + dx45)− i(dx15 + dx24) = −(w1 + iw2)
dz3 ∧ dz1 = (dx13 + dx46)− i(dx16 + dx34) = −(w3 + iw4)
dz3 ∧ dz2 = (dx23 + dx56)− i(dx26 + dx35) = −(w5 + iw6).
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Since ω := dη is nowhere-vanishing and has type (1, 1) [BS10, Corollary. 3.1], it determines an orthogonal comple-
ment Ω1,1⊥ (M) in
Ω1,1(M) =
(
Ω0(M) · dη)⊕ Ω1,1⊥ (M),
which is expressed in local Darboux coordinates by
Ω1,1⊥ (M) = Span{Re(dzi ∧ zj),− im(dzi ∧ dzj), w7, w8| 1 ≤ i < j ≤ 3}
∼= Ω28.
Therefore we obtain two decompositions for the horizontal 2-forms:
Ω2H(M) = Ω
2,0(M)⊕ Ω0,2(M)︸ ︷︷ ︸ ⊕ Ω0(M) · dη ⊕ Ω1,1⊥ (M)
∼ = ∼ = ∼ =
Ω26 Ω
2
1 Ω
2
8
. (2.16)
Note that Ω0,2(M) is spanned by
dz1 ∧ dz2 = (dx12 − dx45)− i(dx15 − dx24) = v1 − iv2,
dz1 ∧ dz3 = (dx13 − dx46)− i(dx16 − dx34) = v3 − iv4,
dz2 ∧ dz3 = (dx23 − dx56)− i(dx26 − dx35) = v5 − iv6,
consistently with the fact that Ω0,2(M) ∼= Ω2,0(M). Still by inspection, we have:
w1 =
1
2 (dz
1 ∧ dz2 − dz2 ∧ dz1), w2 = i2 (dz1 ∧ dz2 + dz2 ∧ dz1)
w3 =
1
2 (dz
1 ∧ dz3 − dz3 ∧ dz1), w4 = i2 (dz1 ∧ dz3 + dz3 ∧ dz1),
w5 =
1
2 (dz
2 ∧ dz3 − dz3 ∧ dz2), w6 = i2 (dz2 ∧ dz3 + dz3 ∧ dz2),
w7 =
i
2 (dz
1 ∧ dz1 − dz3 ∧ dz3), w8 = i2 (dz2 ∧ dz2 − dz3 ∧ dz3)
(2.17)
ω =
i
2
(dz1 ∧ dz1 + dz2 ∧ dz2 + dz3 ∧ dz3), (2.18)
v1 =
1
2 (dz
1 ∧ dz2 + dz1 ∧ dz2), v2 = i2 (dz1 ∧ dz2 − dz1 ∧ dz2), v3 = 12 (dz1 ∧ dz3 + dz1 ∧ dz3),
v4 =
i
2 (dz
1 ∧ dz3 − dz1 ∧ dz3), v5 = 12 (dz2 ∧ dz3 + dz2 ∧ dz3), v6 = i2 (dz2 ∧ dz3 − dz2 ∧ dz3).
(2.19)
From the expressions (2.17) and (2.19), we obtain immediately:
Lemma 2.4. Let Ω28 and Ω26 be the eigenspaces of the operator Lσ from (1.6), associated to the eigenvalues 1 and−1,
respectively [cf. (2.13)]; then
(i) A 2-form α belongs to Ω28 if, and only if, α it is a real form of type (1, 1) and orthogonal to ω.
(ii) A 2-form α belongs to Ω26 if, and only if, α = β + β, for some β of type (2, 0).
2.3 Proof of Proposition 1.1
The proof is based on Lemma 2.4, which yields a characterisation curvature forms in Ω26(gE) and Ω
2
8(gE). We denote
by Λk(T ∗M)C the complexification of Λk(T ∗M). Let also:
Ωk(gE) := Γ(Λ
k(T ∗M)C ⊗ gE) and Ωp,q(gE) := Γ(Λp,q(T ∗M)C ⊗ gE). (2.20)
The conjugation on Λk(T ∗M)C naturally induce a conjugation on Ωk(T ∗M)C ⊗ gE such that Ωp,q(gE) = Ωq,p(gE).
We have the following characterisation of SDCI solutions:
Proposition 2.5. Let E → M be a Sasakian G-bundle with adjoint bundle gE . A connection A ∈ A satisfies the
SDCI equation ∗FA = σ ∧ FA if, and only if:
FA ∈ Ω1,1(gE) and FˆA := 〈FA, ω〉 = 0. (2.21)
In that case, moreover, FA = FA.
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Proof. That A is a SDCI if, and only if, (2.21) holds is an immediate consequence of Lemma 2.4–(i) and (2.16), since
Ω1,1⊥ (gE) ∼= Ω28(gE). Now, assuming that is the case, the reality condition is manifest in local Darboux coordinates,
cf. (2.15). Finally, we see in (2.17) that the generators {wi}8i=1 of Ω28 are all real: wi = wi.
Proof of Proposition 1.1. If A is a SDCI on a Sasakian bundle E → M [Definition A.4], it follows from (2.16)
that FA ∈ Ω1,18 (M), in particular F 0,2A = 0. Furthermore, Proposition 2.5 gives immediately FˆA = 0, hence A is
HYM. Conversely, if moreover E → M underlies a holomorphic bundle E → M [Definition A.5] and A is a an
integrable HYM connection, then FˆA = 0 and F 0,2 = 0. Since A is also unitary, the curvature FA is of type (1, 1),
cf. [DK90, Proposition 2.1.56], and we conclude form (2.16) that A is a SDCI.
3 Gauge theory on 7-dimensional Sasakian manifolds
In 4-dimensional gauge theory, reversing orientation of the base manifold interchanges SD and ASD connections, thus
the two theories are equivalent. On the other hand, in the 5-dimensional contact case, the SD and ASD equations are
studied separately [BH16] and some differences appear; for instance, the coboundary map in the long exact sequence
in [BH16, Proposition 3.3] is only zero in the selfdual case. On a merely contact manifold (M7, η), one could a priori
study connections with curvature in Ω26 or Ω
2
8. However, on a Sasakian manifold (M
7, η, g,Φ), there is a natural
choice favouring the SDCI equation (λ = 1) in (1.2):
FA = ∗(η ∧ dη ∧ FA).
That the alternative theory is trivial follows immediately from Lemma 2.4–(ii):
Proposition 3.1. Let E → M7 be a holomorphic Sasakian vector bundle [Definition A.5]. A Chern connection
A ∈ A(E) such that FA ∈ Ω26(gE) is necessarily flat.
3.1 Infinitesimal deformations of contact instantons
The main purpose this Section is to prove Theorem 1.2–(i). Namely, the linearisation of the moduli space of SDCI
M∗ is given by the cohomology group H1(C) := ker(d7)im(dA) of the deformation complex
C• : 0→ Ω0(gE) dA−−→ Ω1(gE) d7−→ Ω6⊕1(gE)→ 0.
We will show that, even though the complex C• is manifestly not elliptic, one can establish that H1(C) is finite-
dimensional by means of an auxiliary extended complex. Finally, we will relate contact instantons and G2-instantons
in the 7-dimensional contact Calabi-Yau setting, as outlined in [CARSE16]. Under the hypotheses of Theorem 1.2, we
describe the linearisation of the moduli space of SDCI over a Sasakian 7-manifold, following the approach of [Ito83].
Proposition 3.2. An element α ∈ Ω1(gE) gives an infinitesimal SDCI deformation if, and only if, α ∈ ker(d7).
Proof. Given a connection A on the G-bundle E → M , the induced covariant exterior derivative dA : Ωk(gE) →
Ωk+1(gE) squares to an algebraic curvature operator:
dA ◦ dA(β) = [β ∧ FA], β ∈ Ωk(gE). (3.1)
Furthermore, the transversal complex structure splits dA = ∂A + ∂A, acting on Ω
p,q
H (gE) [cf. (2.20)] according to
bi-degree:
Ωp+1,qH (gE)
Ωp,qH (gE)
Ωp,q+1H (gE)
:
∂A
XXz
∂A
. (3.2)
Let α ∈ Ωp,q(gE), and note that
dA ◦ dAα = ∂A∂Aα+ ∂A∂Aα+ (∂A∂A + ∂A∂A)α.
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If A is SDCI, i.e., FA is of type (1, 1) and orthogonal to ω [cf. Proposition 2.5], replacing (3.1) in the above formula
and comparing bi-degree, we obtain:
∂A∂Aα = 0, ∂A∂Aα = 0, (∂A∂A + ∂A∂A)α = [α ∧ FA].
On the other hand, let {At}|t|<ε be a path of SDCI connections with A0 = A. An infinitesimal deformation α :=
d
dt
∣∣
t=0
(At) ∈ Ω1(gE) varies the curvature by FAt = FA + tdAα + t2α ∧ α. Decomposing α = α(1,0) + α(0,1), in
(1, 0) and (0, 1) part respectively,
dAα = (∂A + ∂A)(α
(1,0) + α(0,1))
= ∂Aα
(1,0) + ∂Aα
(0,1) + (∂Aα
(0,1) + ∂Aα
(1,0)),
so, by Lemma 2.4 item (i), the infinitesimal deformation α satisfies:
∂Aα
(1,0) = 0, ∂Aα
(0,1) = 0, and 〈(∂Aα(0,1) + ∂Aα(1,0)), ω〉 = 0.
Using the definition of d7 in (1.9), the above relations give
d7(α
(1,0) + α(0,1)) = ∂Aα
(1,0) + ω ⊗ 〈∂Aα(0,1) + ∂Aα(1,0), ω〉+ ∂Aα(0,1).
The linearisation at A ∈ A of the G-action is −dA : Ω2(gE)→ Ω1(gE), so a natural transverse ‘Coulomb’ slice is
given by the orthogonal complement ker(d∗A) of im(dA) ⊂ Ω1(gE) [DK90, p. 131]. For small ε > 0, we set:
SA,ε := {α ∈ Ω1(M) | d∗A(α) = 0, ‖α‖ < ε}, (3.3)
where ‖ · ‖ is a suitable Sobolev norm. Following [DK90, (4.2.6)], a neighbourhood of [A] ∈ B is described by the
quotient of SA,ε under pi : A ∈ Ω1(gE) 7→ [A] ∈ B = A/G, as in the following slice lemma (see also [FU91]):
Lemma 3.3. For every A ∈M∗, there exists ε = ε(A) > 0 such that the restriction pi|SA,ε is a homeomorphism onto
an open set pi(SA,ε) ⊂ B.
In view of the slice condition in (3.3), we consider the restriction of (1.9) to ker(d∗A) as follows:
d7|ker(d∗A) : ker(d∗A) ⊂ Ω1(gE)→ Ω26⊕1(gE).
Proposition 3.4. In the context of Theorem 1.2, the infinitesimal deformations of an irreducible selfdual contact
instanton A are described by the complex
C• : 0→ Ω0(gE) dA−−→ Ω1(gE) d7=p◦dA−−−−−−→ Ω6⊕1(gE)→ 0. (3.4)
The tangent space T[A]M∗ is isomorphic to the first cohomology group H1(C) := ker(d7)im(dA) .
Proof. We know from Proposition 3.2 that infinitesimal SDCI deformations of A lie in ker(d7). On the other hand,
if A is an irreducible SDCI connection, then d7 ◦ dA = p ◦ FA = 0, so (3.4) is indeed a complex. Furthermore the
derivative of the action of the gauge group G at A is −dA : Ω0(g) → Ω1(g), i.e., the tangent space to the G-orbit is
im(dA) [DK90, p. 37], hence H1(C) represents the tangent space T[A]M∗ at [A].
Proposition 3.4 shows Theorem 1.2–(i). Observe that, in contrast to the 4-dimensional case, the complex C• in
(1.10) is not elliptic (eg. by comparing bundle ranks in (3.4)), so we do not know a priory whether H1(C) is finite-
dimensional. In the next section, we show in Proposition 3.7 that this is indeed the case, but we must resort to an
auxiliary construction.
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3.2 The extended complex of selfdual contact instantons
Let us prove that the first cohomology group H1(C) in (1.10) is finite-dimensional.
Lemma 3.5. Let σ = η∧dη the natural 3-form on the Sasakian manifold (M7, η, ξ, g,Φ), as in (1.5). The linear map
L∗σ : Ω2(M) → Ω6(M)
α 7→ α ∧ ∗σ (3.5)
satisfies
L∗σ|Ω28⊕Ω26 ≡ 0, and L∗σ|Ω21⊕Ω2V : Ω
2
1 ⊕ Ω2V '−→ Ω6(M).
Proof. The transverse symplectic 2-form dη =: ω is given in local Darboux coordinates [Bla10, Theorem. 3.1] by
dη = dx14 + dx25 + dx36, so dη2 = −2(dx1245 + dx1346 + dx2356), and therefore ∗σ is given by:
∗ σ = − (dx2356 + dx1346 + dx1245) = 1
2
dη2. (3.6)
Using the decomposition (2.14) of Ω2(M) to express Lσ in the bases {wi}8i=1 and {vj}6j=1 from (2.13), we obtain
both claims by direct computation.
In terms of the projected differential (1.10), the previous Lemma gives the identification
d7 = L∗σ ◦ dA, (3.7)
since L∗σ|Ω21⊕Ω2V : Ω21 ⊕ Ω2V
∼−→ Ω6(M) [cf. Lemma 3.5] and, in local Darboux coordinates [Bla10, Theorem. 3.1],
we can define an isomorphism T : Ω2V
∼−→ Ω26 by
T (dx17) = −v5 T (dx27) = −v3, T (dx37) = −v1
T (dx47) = −v6 T (dx57) = −v4, T (dx67) = −v2
. (3.8)
These identifications can be summarised in the following diagram:
Ω1(gE) Ω
2
6 ⊕ Ω21
Ω2(gE)
Ω6(M) Ω2V ⊕ Ω21.
Q
Q
Q
Qs
dA
-d7:=p◦dA



3P
?
L∗σ
-
L−1∗σ
6
T⊕1
It is worth mentioning that a canonical isomorphism Ω2V ' Ω26 is given by the global transverse holomorphic volume
form, in the special case of contact Calabi-Yau 7-manifolds, cf. Definition 3.8 and Lemma 3.10 below.
From the definition (1.8) ofM, we know that this space is described (modulo gauge) near an instanton A as the
zero locus of the map
Ψ: α ∈ SA,ε ⊂ A → p(dAα+ α ∧ α) ∈ Ω26⊕1(gE), (3.9)
where the neighbourhood SA,ε from (3.3) is transversal to G-orbits. Let us check that Ψ is a Fredholm map, so that
standard theory provides a finite-dimensional local model forM. The linearisation of Ψ at the origin is
D(Ψ)0 = p ◦ dA = d7,
and d7|ker(d∗A) : Ω1(gE)→ Ω26⊕1(gE) is shown to be Fredholm via the ‘Euler characteristic’ map
DA := d7 ⊕ d∗A : Ω1(gE)→
(
Ω26⊕1 ⊕ Ω0
)
(gE) (3.10)
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associated to the complex C• (1.10). Note that:
H0(C) ∼= ker(dA), H1(C) := ker(d7)
im(dA)
∼= ker(DA) and H2(C) ∼= Coker(d7).
By (3.7), we identify d7 with L∗σ ◦ dA : Ω1(gE)→ Ω6(gE), then we can consider the extended complex
D• : 0 Ω0(gE) Ω1(gE) Ω6(gE) Ω7(gE) 0
dA L∗σ◦dA dA . (3.11)
If (3.11) is elliptic, then DA is Fredholm and, in particular, ker(DA) is finite-dimensional. To see that explicitly, we
will need the following elementary technical facts:
Lemma 3.6.
(i) Let L∗σ : Ω2(M)→ Ω6(M) the operator defined in (3.5), then [L∗σ, dA] = 0.
(ii) The formal adjoint of d7 defined by (1.9) is given by d∗7 = ∗d7∗ : Ω6(gE)→ Ω1(gE).
Proof. For (i), note from (3.6) that d(∗σ) = d(dη2) = 0, so the assertion is straightforward:
dA(L∗σα) = dA(∗σ ∧ α) = (d ∗ σ) ∧ α+ ∗σ ∧ (dAα) = L∗σ(dAα).
For (ii) we use (i) and the identification in (3.7); for any α ∈ Ω1(gE) and β ∈ Ω6(gE),
〈d7α, β〉 = (∗σ ∧ dAα) ∧ ∗β = dAα ∧ ∗2(∗σ ∧ ∗β)
= dAα ∧ ∗(∗L∗σ ∗ (β))
= 〈dAα, ∗L∗σ ∗ (β)〉
= 〈α, ∗dAL∗σ ∗ (β)〉
= 〈α, ∗d7 ∗ (β)〉
Proposition 3.7. If A is a connection with curvature FA ∈ Ω28, the extended complex (3.11) is elliptic.
Proof. We follow the argument of [SE09, Proposition 1.22]. Fix a non zero section ς of pi : T ∗M \ {0} → M , so we
have the symbol complex
0→ pi∗ (Ω0(gE))ς ς∧·−−→ pi∗ (Ω1(gE))ς ∗σ∧ς∧·−−−−→ pi∗ (Ω6(gE))ς ς∧·−−→ pi∗ (Ω7(gE))ς → 0. (3.12)
To see the exactness of (3.12) at the middle, take α ∈ Ω1(gE) such that ∗σ ∧ ς ∧ α = 0. We need to show that α lies
in (Ω0(gE)).ς . Note that ς ∧ α ∈ ker(L∗σ) = Ω28 ⊕Ω26 [cf. (3.5)], so, by definition of the eigenspaces Ω28 and Ω26 [cf.
(2.13)], we obtain:
± σ ∧ ς ∧ α = ∗(ς ∧ α). (3.13)
We show that (3.13) implies that ς ∧ α = 0 and this finish the proof. Let {ei}7i=1 be a basis of T ∗xM with e1 = ς .
Then µ ∈ ΛkT ∗xM , can be written
µ = e1 ∧ γ + β
where γ and β are products just involving e2, · · · , e7. Let α = ς ∧ γ + β, η = ς ∧ γ′ + β′ and dη = ς ∧ γ′′ + β′′
where γ, γ′, γ′′ and β, β′, β′′ are products just involving e2, · · · , e7, hence (3.13) becomes
η ∧ dη ∧ ς ∧ α = (ς ∧ γ′ + β′) ∧ (ς ∧ γ′′ + β′′) ∧ ς ∧ (ς ∧ γ + β)
= β′ ∧ β′′ ∧ ς ∧ β
so β′ ∧ β′′ ∧ ς ∧ β = ∗(ς ∧ β) the left-hand side of the above equality involves ς , while the right-hand side does not,
so ς ∧ β = 0. Hence
ς ∧ α = ς ∧ (ς ∧ γ + β) = ς ∧ β = 0
as claimed, and so α = f ∧ ς.
Together, Propositions 3.4 and 3.7 prove Theorem 1.2–(i), i.e., that the space of infinitesimal deformations of A
is finite-dimensional and isomorphic to the first cohomology H1(C) of (1.10). In §4, we address such deformations
from another perspective, showing that this local model is isomorphic to the first cohomology group of the complex
(1.11) [cf. Theorem 1.2–(ii)]. As observed in Remark 1.2, to assume that H2(C) vanishes would in general be much
too strong, leading to a 0-dimensional local model. Instead, we can show the smoothness of the moduli space under a
weaker obstruction theory, in terms of H2B [cf. Proposition 4.27].
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3.3 G2-instantons on contact Calabi-Yau manifolds
We have seen that the Sasakian structure (η, ξ, g,Φ) on M7 naturally induces a moduli space of SDCI. In the contact
Calabi-Yau case, moreover, the Sasakian 7-manifold carries in fact a transverse SU(3)-structure, and hence a natural
G2-structure [HV15]. As such, it may indeed be seen as somewhat of an interpolation between CY 3-geometry and
G2-geometry. We explain the relationship between G2-instantons and contact instantons [see Proposition 3.12] in that
context, following the approach of [CARSE16].
Definition 3.8. A Sasakian manifold (M2n+1, η, ξ,Φ, ε) is said to be a contact Calabi-Yau manifold (cCY) if ε is a
nowhere-vanishing transverse form of horizontal type (n, 0) [cf. (A.1)] such that
ε ∧ ε¯ = (−1)n(n+1)2 inωn and dε = 0.
It is well-known that, for a Calabi-Yau 3-fold (Z, ω, ε), the product Z× S1 has a natural torsion-free G2-structure
defined by: ϕ := dt ∧ ω + Im(ε), where t is the coordinate on S1. The Hodge dual of ϕ is
ψ := ∗ϕ = 1
2
ω ∧ ω + dt ∧ Re(ε) (3.14)
and the induced metric gϕ = gZ + dt ⊗ dt is the Riemannian product metric on Z × S1 with holonomy Hol(gϕ) =
SU(3) ⊂ G2. The contact Calabi-Yau structure essentially emulates all of these features, albeit its G2-structure has
some symmetric torsion. Sasakian manifolds with transverse holonomy SU(n) are studied by Habib and Vezzoni; a
number of facts from [HV15, § 6.2.1] can be summarised as follows:
Proposition 3.9. Every cCY manifold (M7, η, ξ,Φ, ε) carries a cocalibrated G2-structure
ϕ := η ∧ ω + Im(ε) = σ + Im(ε), (3.15)
with torsion dϕ = ω ∧ ω and Hodge dual 4-form ψ = ∗ϕ = 12ω ∧ ω + η ∧ Re(ε). Here ω := dη and σ := η ∧ ω, as
in (1.5).
Lemma 3.10. On a cCY manifold (M7, η, ξ,Φ, ε), the operator
Lε : Ω
2(M) → Ω2(M)
α 7→ ∗(α ∧ Im(ε)), (3.16)
satisfies Lε|Ω26⊕Ω28⊕Ω21 ≡ 0 and Lε|Ω2V (M) : Ω2V (M)
∼−→ Ω26(M) is an isomorphism.
Proof. In the local Darboux transverse complex coordinates zi defined in (2.15), we have ε = dz1 ∧ dz2 ∧ dz3. In
particular, Im(ε) = (dx234 + dx126) − (dx135 + dx456). Using the decomposition (2.14) of 2-forms to compute Lε
in the bases {wi}i=1,...,8 and {vj}j=1,...,6 of (2.13), we obtain immediately Lε|Ω26⊕Ω28⊕Ω21 ≡ 0 and, by inspection,
Lε(dx
17) = −v5, Lε(dx27) = −v3, Lε(dx37) = −v1,
Lε(dx
47) = −v6, Lε(dx57) = −v4, Lε(dx67) = −v2.
So Lε|Ω2V (M) : Ω2V (M)
∼−→ Ω26(M) is an isomorphism and coincides with T in (3.8).
The G2-instanton equation on a cCY 7-manifold reads:
∗ ((η ∧ ω + Im(ε))︸ ︷︷ ︸
ϕ
∧FA) = FA (3.17)
or, equivalently, FA ∧ ψ = 0, where ψ is the dual 4-form (3.14).
Proposition 3.11. On a cCY 7-manifold, the SDCI equation (1.2) implies the G2-instanton equation (3.17).
Proof. If A is a SDCI, then FA = ∗(σ ∧ FA) ∈ Ω28(gE) ⊂ kerLε, by Lemma 3.10. Therefore
∗(ϕ ∧ FA) = ∗(σ ∧ FA) + Lε(FA)
= FA.
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If the complex Sasakian bundle E → M7 has a holomorphic structure, then, at least among Chern connections
(mutually compatible with the holomorphic structure and a Hermitian metric), the sets of solutions of both equations
actually coincide:
Proposition 3.12. Let E → M be a Sasakian holomorphic vector bundle [cf. Definition A.5] on a cCY 7-manifold
with its natural G2-structure (3.15). Then a Chern connection A on E is a G2-instanton if, and only if, A is a SDCI as
in (2.4).
Proof. If A is the Chern connection, then FA ∈ Ω1,1(M) [cf. Proposition A.2], so taking account of the bi-degree of
the transverse holomorphic volume form ε [cf. Definition 3.8], it follows that FA ∧ Im(ε) = 0. Therefore
FA ∧ ϕ = FA ∧ (η ∧ dη + Im(ε)︸ ︷︷ ︸
ϕ
) = FA ∧ σ + FA ∧ Im(ε)
= FA ∧ σ.
3.4 The Yang-Mills and Chern-Simons functionals
We will describe two natural gauge-theoretic action functionals on a Sasakian G-bundle E → M7 [Definition A.4],
adapting the approach of [SE14]. This section culminates at topological Yang-Mills energy bounds on holomrphic
Sasakian bundles, in terms of integrable (anti-)selfdual contact instantons.
The Yang-Mills functional acts on the space A of connections on E and it is defined by
YM: A ∈ A 7→ ‖FA‖2 :=
∫
M
〈FA ∧ ∗FA〉gE . (3.18)
The curvature FA splits orthogonally (2.3) into horizontal and vertical parts, respectively:
FH = iξ(η ∧ FA) and FV = η ∧ iξFA,
so YM(A) has at least two independent components. Moreover, the horizontal part further splits orthogonally, by
Lemma 2.3:
FH =
1
2
(FH + ∗(σ ∧ FH))︸ ︷︷ ︸
F+H
+
1
2
(FH − ∗(σ ∧ FH))︸ ︷︷ ︸
F−H
,
hence
YM(A) = ‖F+H‖2 + ‖F−H ‖2 + ‖FV ‖2. (3.19)
Given A ∈ A, the charge of A is defined by
κ(A) :=
∫
M
tr(F 2A) ∧ σ. (3.20)
Proposition 3.13. Let A ∈ A be a connection on E, the charge of A (3.20) is determined by the horizontal curvature:
κ(A) = ‖F+H‖2 − ‖F−H ‖2. (3.21)
Furthermore,
|κ(A)| ≤ ‖F+H‖2 ≤ YM(A). (3.22)
These bounds are saturated if and only if A is ASDCI or SDCI.
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Proof. It suffices to show (3.21), because then (3.22) follows from (3.19). Using the definition of κ(A) in (3.20) and
the definition of F+H given above, we compute:
‖F+H‖2 =
1
2
∫
M
tr
(
F+H ∧ ∗(FH + ∗(σ ∧ FH))
)
=
1
2
(∫
M
tr(F+H ∧ ∗FH) +
∫
M
tr
(
F+H ∧ σ ∧ FH
))
=
1
4
(∫
M
tr ((FH + ∗(σ ∧ FH)) ∧ ∗FH) +
∫
M
tr ((FH + ∗(σ ∧ FH) ∧ σ ∧ FH)
)
=
1
4
(
‖FH‖2 +
∫
M
tr (∗(σ ∧ FH) ∧ ∗FH) +
∫
M
tr
(
σ ∧ F 2H
)
+ ‖σ ∧ FH‖2
)
=
1
4
(‖FH‖2 + 2κ(A) + ‖σ ∧ FH‖2) .
Analogously,
‖F−H ‖2 =
1
2
∫
M
tr
(
F−H ∧ ∗(FH − ∗(σ ∧ FH))
)
=
1
4
(‖FH‖2 − 2κ(A) + ‖σ ∧ FH‖2) .
Therefore, κ(A) = ‖F+H‖2 − ‖F−H ‖2. Now using the inequality |a2 − b2| ≤ a2 + b2, we obtain the following bounds:
|κ(A)| ≤
∫
M
tr(FH ∧ ∗FH) and |κ(A)| ≤
∫
M
tr(FA ∧ ∗FA).
Under the hypothesis FV = 0, if A is a SDCI, then F−H = 0, and it follows from (3.21) that the latter bound is
saturated.
Now, fix a reference connection A0 ∈ A on E. The Chern-Simons action is defined by: CS(A0) = 0 and
CS : A ∼= A0 + Ω1(gE)→ R
CS(A0 + α) := 12
∫
M
tr(dA0α ∧ α+
2
3
α ∧ α ∧ α) ∧ ∗σ.
Lemma 3.14. Let E→M7 be a Sasakian G-bundle over a closed 7-manifold. For any connection A′ = A+α ∈ A,
for α ∈ Ω1(gE), on the underlying complex vector bundle E, we have:
κ(A) = κ(A′) +
∫
M
tr(FA ∧ α ∧ dη2). (3.23)
Proof. Let A ∈ A and let α ∈ Ω1(gE) be a variation of A. From standard Chern-Weil theory, we know that:
tr(F 2A+α)− tr(F 2A) = d(tr δ)
where δ = δ(A,α) ∈ Ω1(gE) given by δ = FA∧α+ 12dAα∧α+ 13α∧α∧α. Since M is closed, by Stokes’ theorem
we obtain
κ(A) :=
∫
M
tr(F 2A) ∧ σ =
∫
M
(
tr(F 2A+α)− d tr δ
) ∧ σ
= κ(A′)−
(∫
M
d(tr δ ∧ σ)−
∫
M
tr δ ∧ dσ
)
= κ(A′) +
∫
M
tr δ ∧ dσ.
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Now, we analyse the term
∫
M
tr δ ∧ dσ for a transverse 1-form α ∈ Ω1(gE):∫
M
tr δ ∧ dσ =
∫
M
tr(FA ∧ α+ 1
2
dAα ∧ α+ 1
3
α ∧ α ∧ α) ∧ dη2
=
∫
M
tr(FA ∧ α) ∧ dη2 + 1
2
∫
M
tr(dAα ∧ α) ∧ dη2 + 1
3
∫
M
tr(α ∧ α ∧ α) ∧ dη2
=
∫
M
tr(FA ∧ α) ∧ dη2.
The last equality holds since the 7-form tr(α ∧ α ∧ α) ∧ dη2 is basic; the same is true for tr(dAα ∧ α) ∧ dη2.
Corollary 3.15. Among Chern connections, the charge is independent of the Hermitian structure; it is a holomorphic
Sasakian topological invariant, denoted by κ(E).
Proof. Fixing a reference Chern connection A0 ∈ A(E), we know from Proposition A.2 that FA0 ∧ dη2 has type
(3, 3), so the defect term
∫
M
tr(FA0) ∧ dη2 ∧ α vanishes, by excess in bi-degree, for any α ∈ Ω1,0(gE). Therefore
κ(A0) = κ(A0 + α).
Now, let A ∈ A be a connection on E. From (3.19) and (3.21) we have
YM(A) = κ(A) + 2‖F−H ‖2 + ‖FV ‖2
= −κ(A) + 2‖F+H‖2 + ‖FV ‖2
It follows that YM attains an absolute minimum either at selfdual contact instantons, i.e. when F−H = 0 and FV = 0,
or at anti-selfdual contact instantons, i.e. when F+H = 0 and FV = 0. Furthermore, from Corollary 3.15, among Chern
connections we can replace κ(A) = κ(E) in the above equalities, thus the sign of κ(E) obstructs the existence of one
or the other type of solution.
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4 The moduli space of contact instantons in 7-dimensions
We showed in §3 that there exists a finite-dimensional local model for the moduli space near an irreducible SDCI. In
this Section we will show part (ii) of Theorem 1.2, namely, that its dimension can be computed from an associated
transverse elliptic complex. Our strategy is inspired by [BH16, § 3].
4.1 The associated elliptic complex of a contact instanton
Consider a Sasakian G-bundle E → (M7, η, ξ, g,Φ) and gE its adjoint bundle. Recalling that ΩkH(gE) denotes the
space of horizontal forms, i.e., α ∈ Ωk(gE) for which iξα = 0, we introduce the following operators:
dV : Ω
k
H(gE) → ΩkH(gE)
α 7→ iξ(dAα) ,
dT : Ω
k
H(gE) → Ωk+1H (gE)
α 7→ dAα− η ∧ dV α (4.1)
Moreover, α ∈ ΩkH(gE) is called basic if iξdAα = 0; we denote by ΩkB(gE) the space of basic forms.
Remark 4.1. The operators dT and dV are defined in [BH16, § 3.1] for a 5-dimensional contact manifold. Note that
the restriction of the Lie derivative along the Reeb field Lξ|ΩkH(gE) = dV , thus ΩkB(gE) = ker(dV ). Moreover, we
can write dT (α) = iξ(η ∧ dAα), i.e., dTα is just the horizontal part of dAα. In particular, dT coincides with the usual
covariant exterior differential dA on basic forms.
Remark 4.2. Even though almost all results in this section hold for M7 just compact, in Proposition 4.16 we need it
to be actually closed.
The graded ring (Ω•(gE),∧) has a natural graded Lie algebra structure, given in local coordinates by the bi-linear
map
[· ∧ ·] : Ωp(gE)× Ωq(gE) −→ Ωp+q(gE)
[Θ ∧Ψ] = ∑k (Θkj ∧Ψik − (−1)pqΨkj ∧Θik) . (4.2)
The following properties are immediate to check, for Φ ∈ Ωp(gE), Ψ ∈ Ωq(gE) and Θ ∈ Ωp(gE):
[[Φ ∧Ψ] ∧Θ] + (−1)pq+qr[[Ψ ∧Θ] ∧ Φ] + (−1)qr+pr[[Θ ∧ Φ] ∧Ψ] = 0,
[Φ ∧Ψ] = (−1)pq[Ψ ∧ Φ].
The next result is a 7-dimensional adaptation of [BH16, Lemma 3.1], under the assumption that (M7, η, ξ, g) is a
K-contact manifold, i.e., that the Reeb field ξ is Killing. Every Sasakian manifold is K−contact but, at dimensions
greater than 3, the K−contact condition is strictly weaker. Yet, if the manifold is compact and Einstein, both notions
again coincide [BG01]:
Lemma 4.3. Let I = Span{Ω28} ⊂ Ω•(gE) be the algebraic ideal of the graded Lie algebra (Ω•(gE),∧) generated
by Ω28(gE); if the Reeb field ξ is a Killing vector field, then dA(I) ⊂ I.
Proof. Since I lies in the image of the exterior product Ω28 ⊗ Ω•(gE) → Ω•(gE), by linearity it suffices to show that
dA(α⊗ ψ) ∈ I, where α ∈ Ω28 in (2.13) and ψ ∈ Ω0(gE). Indeed,
dA(α⊗ ψ) = dAα⊗ ψ + α ∧ dAψ
= η ∧ dV α⊗ ψ + dTα⊗ ψ + α ∧ dAψ,
and the last two terms clearly lie in I. In order to show that η ∧ dV α ∈ I, we check that dV α = iξdAα = Lξα belongs
to Ω28. By the eigenspace decomposition (2.13), if α ∈ Ω28, then α = ∗(σ ∧ α). Furthermore, since ξ is Killing, the
Lie derivative Lξ commutes with the star Hodge operator, so
Lξα = Lξ ∗ (σ ∧ α) = ∗Lξ(σ ∧ α)
= ∗(Lξη ∧ dη ∧ α+ η ∧ Lξdη ∧ α+ σ ∧ Lξα)
= ∗(σ ∧ Lξα).
We deduce that Lξα satisfies the instanton equation (2.4) for λ = 1, i.e., Lξα ∈ Ω28.
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Lemma 4.3 shows that dA descends to a derivation D : Lk → Lk+1 on the quotient L• = L•(gE) := Ω•(gE)/I,
which is indeed a complex, since d2A = FA ∈ Ω28 ⊂ I. Therefore the quotient has the structure of a differential graded
Lie algebra:
(L•, D) := (Ω•(gE)/I, dA) (4.3)
Remark 4.4. The statement of Lemma 4.3 follows analogously if one takes, instead, the ideal I = Span{Ω26}, with
L• = Ω•(gE)/I. This will have no further bearing in this article, since after all we know that the corresponding
instantons in that case are trivial [Proposition 3.1], but, whatever the case, we have explicit characterisations for the
spaces Lk as follows.
Proposition 4.5. The spaces Lk of complex (4.3), for k = 0, . . . , 3, admit the following decompositions:
(i) For I = Span{Ω28(gE)},
L0 ∼= Ω0(gE), L2 ∼= Ω26(gE)⊕ Ω21(gE)⊕ η ∧ Ω1H(gE),
L1 ∼= Ω1(gE), L3 ∼= η ∧
(
Ω26(gE)⊕ Ω21(gE)
)
.
(ii) For I = Span{Ω26(gE)},
L0 ∼= Ω0(gE), L2 ∼= Ω28(gE)⊕ Ω21(gE)⊕ η ∧ Ω1H(gE),
L1 ∼= Ω1(gE), L3 ∼= η ∧
(
Ω28(gE)⊕ Ω21(gE)
)
.
In either case, Lk = 0 for k ≥ 4.
Proof. For (i), the identifications are immediate for L0,L1 and L2, combining Ωk(gE) = ΩkH(gE)⊕ η ∧ Ωk−1H (gE),
as in (A.5), and the natural decomposition of gE-valued 2-forms Ω2(gE) induced by (2.14):
Ω2(gE) = Ω
2
6(gE)⊕ Ω28(gE)⊕ Ω21(gE)︸ ︷︷ ︸
Ω2H(gE)
⊕ Ω2V (gE). (4.4)
To show that Ω3H(gE) ⊂ I, let {zj}3j=1 be the Darboux transverse complex coordinates as in (2.15). Following
[BV07, § 2.1], we denote by
Θ+ = (dx
123 + dx246)− (dx345 + dx156) and Θ− = (dx126 + dx234)− (dx456 + dx135)
the real and imaginary parts of the local transverse holomorphic volume form dz1 ∧ dz2 ∧ dz3, respectively. For every
point x ∈M , (Hx, ω = dη) is a transverse symplectic vector space, and J := Φ|H is a complex structure. The group
SU(3) acts irreducibly on Λ5H∗ and H∗, while Λ2H∗ and Λ3H∗ decompose as follows [BV07, § 2]:
Λ2H∗ = Λ21H
∗ ⊕ Λ26H• ⊕ Λ28H∗,
where
Λ21H
∗ = R · ω
Λ26H
∗ = {α ∈ Λ2H∗|J∗α = −α}
Λ28H
∗ = {α ∈ Λ2H∗|J∗α = α, α ∧ ω2 = 0}
Λ3H∗ = Λ3ReH
∗ ⊕ Λ3ImH∗ ⊕ Λ36H∗ ⊕ Λ312H∗
and
Λ3ReH
∗ = R ·Θ+
Λ3ImH
∗ = R ·Θ− = {α ∈ Λ3H∗|α ∧ ω = 0, α ∧Θ+ = cω3, c ∈ R}
Λ36H
∗ = {α ∧ ω|α ∈ Λ1H∗}
Λ312H
∗ = {α ∈ Λ3H∗|α ∧ ω = 0, α ∧Θ+ = 0, α ∧Θ− = 0}.
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Our goal is to show that all subspaces in the decomposition of Λ3H∗ lie in I. The following exterior multiplication
table (row ∧ column) is easy to compute:
∧ ω Θ+ Θ−
dx345 0 0 dx123456
dx156 0 0 dx123456
dx126 0 dx123456 0
dx135 0 −dx123456 0
dx456 0 −dx123456 0
dx234 0 dx123456 0
dx123 0 0 −dx123456
dx246 0 0 −dx123456
From that we obtain a set of generators for Λ212H
∗: dx
126 + dx135, dx126 + dx456, dx126 − dx234, dx135 − dx456
dx135 + dx234, dx456 + dx234, dx345 − dx156, dx345 + dx123
dx345 + dx246, dx156 + dx123, dx156 + dx246, dx123 − dx246
 .
In terms of the {wi}8i=1 of (2.13), this translates into
Λ312H
∗ = Span{w6 ∧ dx1, w1 ∧ dx6,−w4 ∧ dx2, w3 ∧ dx5,−w2 ∧ dx3, w5 ∧ dx4,
w4 ∧ dx5, w1 ∧ dx3,−w6 ∧ dx4, w5 ∧ dx1, w2 ∧ dx6,−w3 ∧ dx2} ⊂ I.
To see that Λ36H
∗ ⊂ I, note that ω ∧ dxi = dx14i + dx25i + dx36i. Equivalently, in terms of w7 and w8 in (2.13),
ω ∧ dxi = w7 ∧ dxi + w8 ∧ dxi + 3dx36i.
Let us have a closer look at terms of the form dx36i. For i = 3 and i = 6, clearly dx36i = 0; for i = 1 and
i = 4, necessarily dx36i = ±w7 ∧ dxi; for i = 2 and i = 5, one has dx36i = ±w8 ∧ dxi, hence in all instances
Λ36H
∗ = {w7 ∧ dxi + w8 ∧ dxi + 3dx36i}6i=1 ⊂ I. Finally, we observe that:
J∗(XiyΘ+) = −J∗(J2XiyΘ+) = −JXiyJ∗Θ+ = −JXiyΘ− = XiyΘ+,
whereas
(XiyΘ+) ∧ ω2 = Xiy(Θ+ ∧ ω2) + Θ+ ∧ (Xiyω2) = Θ+ ∧ (Xiyω2)
= Θ+ ∧ (Xiyω ∧ ω + ω ∧Xiyω)
= 2(Θ+ ∧ ω) ∧Xiyω,
i.e., (XiyΘ+) ∈ Λ28H∗, and thus Λ3ReH∗ ⊂ I. That Λ3ImH∗ ⊂ I follows analogously.
For (ii), it is still manifest that L0,L1,L2 ⊂ I. As to L3, we can inspect directly the basis elements {vi}6i=1 for
Ω26 introduced in (2.13). We claim that every element in the Darboux coordinate basis for Ω
3
H(gE) is obtained from
an element of Ω16(gE). Indeed,
dx124 = v1 ∧ dx4, dx125 = v1 ∧ dx5, dx134 = v3 ∧ dx4
dx136 = v3 ∧ dx6, dx145 = −v1 ∧ dx1, dx146 = −v4 ∧ dx4
dx235 = v5 ∧ dx5, dx236 = v5 ∧ dx6, dx245 = v2 ∧ dx5
dx256 = v6 ∧ dx5, dx346 = v3 ∧ dx3, dx356 = v6 ∧ dx6
 ⊂ I,
as well as
−2dx345 = v2 ∧ dx6 − v6 ∧ dx4 + v4 ∧ dx5, 2dx156 = v2 ∧ dx6 − v6 ∧ dx4 − v4 ∧ dx5,
2dx126 = v1 ∧ dx6 + v3 ∧ dx5 + v6 ∧ dx1, 2dx135 = v1 ∧ dx6 + v3 ∧ dx5 − v6 ∧ dx1,
−2dx456 = v1 ∧ dx6 + v4 ∧ dx2 + v5 ∧ dx4, −2dx234 = v1 ∧ dx6 + v4 ∧ dx2 − v5 ∧ dx4,
−2dx123 = v3 ∧ dx2 − v2 ∧ dx6 − v5 ∧ dx1, −2dx246 = v3 ∧ dx2 + v2 ∧ dx6 + v5 ∧ dx1,
 ⊂ I.
Similarly, one can easily check that Ω4H(gE), Ω
5
H(gE) and Ω
6
H(gE) lie in I, thus L
k = 0 for k ≥ 4.
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Lemma 4.6. The followings maps preserve I (whether I be generated by Ω28(gE) or by Ω26(gE))
iξ : Ω
•(gE)→ Ω•−1(gE), η∧ : Ω•(gE)→ Ω•+1(gE) and ω∧ : Ω•(gE)→ Ω•+2(gE),
so these maps descend to the quotient L•.
Proof. If α ∧ β ∈ I, for some α ∈ Ω•(gE) and β ∈ Ω28(gE),
iξ(α ∧ β) = iξα ∧ β + (−1)deg(α)α ∧ iξβ
= iξα ∧ β ∈ I.
Therefore the map iξ is a well-defined contraction of bi-degree (0,−1) on L•. We also denote by LkH the kernel of
contraction inside of Lk, so that Lk,0 = LkH .
We denote the induced maps on the quotient L• as follows:
Lη := η∧ : L•(gE)→ L•+1(gE) and Lω := ω∧ : L•(gE)→ L•+2(gE), (4.5)
In summary, by Lemma 4.5 we have the following
Proposition 4.7. If a connection A has curvature FA ∈ Ω28(gE), the associated complex (1.11) is elliptic:
L• : 0 L0 L1 L2 L3 0D0 D1 D2 .
Proof. Denote by pi : T ∗M \ {0} → M the fibre bundle obtained by removal of the zero section in T ∗M , and by
p : Ω•(gE)→ L• the quotient projection, i.e., Dk = p ◦ dkA. Given ς ∈ T ∗M \ {0}, the first order symbol functor σ1
satisfies:
σ1(p ◦ dkA) = p
(
σ1(d
k
A)
)
= p(ς ∧ ·), for k = 0, . . . , 3.
The fibre pi∗
(
Lk
)
ς
is isomorphic to ΛkT ∗xM/I, where I = 〈Ω28〉, hence the associated 1-symbol is
σ1(Dk)(x, ς) = p(ς ∧ ·) : ΛkT ∗xM/I→ Λk+1T ∗xM/I,
and we assert that the associated symbol complex is exact:
σ1(L
•) : 0 Λ0T ∗xM/I Λ
1T ∗xM/I Λ
2T ∗xM/I Λ
3T ∗xM/I 0
p(ς∧·) p(ς∧·) p(ς∧·)
. (4.6)
Using the identifications from Proposition 4.5, the above complex becomes
Λ0(T ∗xM) Λ
1(T ∗xM) (Λ
2
6⊕1 ⊕ η ∧ (Λ1H))(T ∗xM) η ∧ (Λ26⊕1(T ∗xM)).ς∧
p(ς∧·) p(ς∧·)
Exactness at positions k = 0, 1, 2 is shown by the same argument, so we prove explicitly for k = 2 and k = 3.
k = 2: Let α ∈ (Λ26⊕1 ⊕ η ∧ (Λ1H))(T ∗xM) such that ς ∧ α ∈ 〈Λ28〉. Since ς is non zero, this forces to ς ∧ α = 0, and
we know that the de Rham complex is elliptic, so there exists β ∈ Λ1(T ∗xM) such that ς ∧ β = α. Hence we have
exactness at (Λ26⊕1 ⊕ η ∧ (Λ1H))(T ∗xM).
k = 3: This is similar to the k = 2 case, but we need to show that β ∈ (Λ26⊕1 ⊕ η ∧ (Λ1H))(T ∗xM). A priori,
β = β1 + β2, with
β1 ∈ (Λ26⊕1 ⊕ η ∧ (Λ1H))(T ∗xM) and β2 ∈ (Λ28 ⊕ ΛV )(T ∗xM).
Since β2 projects to zero under p, we have α = p(ς ∧ β1), so (3.12) is exact.
The above complex in Proposition 4.7 is referred to as the associated complex to the selfdual contact instanton
A (Proposition 4.7 can be shown in the same way if FA ∈ Ω26(gE)). We denote by Hk := Hk(L) the cohomology
groups of L• (1.11), H1 can be interpreted as the space of infinitesimal deformations of the contact instanton A, so
that
h1 := dimR(H
1) (4.7)
represents the expected dimension of the moduli space.
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4.2 Deformation theory of SDCI
The splitting (A.1) of the tangent space TM = H ⊕Nξ by the Reeb vector field defines a bi-grading on Ω•(gE):
Ωk,d(gE) := Γ(M,Λ
kH∗ ⊗ ΛdN∗ξ ⊗ gE), for (k, d) ∈ {0, . . . , 6} × {0, 1}. (4.8)
In particular,
Ωk,0(gE) = Ω
k
H(gE) and Ω
k,1(gE) = η ∧ ΩkH(gE), for k = 0, 1, 2, 3.
Since the ideal I is bi-graded, the bi-grading descends to the quotients L• to define components Lk,d. In our case of
main interest, I = 〈Ω28(gE)〉 induces the complex (1.11):
Ω0H(gE) → Ω1H(gE)⊕ η ∧ Ω0H(gE) → Ω26⊕1(gE)⊕ η ∧ Ω1H(gE) → η ∧ Ω26⊕1(gE)
∼ =
L1,0
∼ =
L0,1
∼ =
L2,0
∼ =
L1,1
∼ =
L2,1
(4.9)
Define in the quotient the followings maps
DV : L
•
H → L•H
α 7→ iξDα, and
DT : L
•
H → L•+1H
α 7→ Dα− η ∧DV α, (4.10)
Lemma 4.8. Let DT and DV be the operators defined in (4.10), then we have the following identities
DTDV = DVDT (4.11)
and
D2Tα = −ω ∧DV α for α ∈ Ω0(gE). (4.12)
Proof. From D2 = 0, we obtain
0 = (DT + η ∧DV )2 = D2T +DT (η ∧DV ) + η ∧DV (DT ) + (η ∧DV )2
= D2T + ω ∧DV − η ∧DTDV +−η ∧DVDT + η ∧DV (η ∧DV )
= D2T + ω ∧DV + η ∧ (DVDT −DTDV ) + η ∧ (DV η ∧DV − η ∧D2V )
= D2T + ω ∧DV + η ∧ (DVDT −DTDV ),
so, D2T + ω ∧DV = 0 = DVDT −DTDV , hence (4.11) and (4.12) follow.
The basic forms in Lk are denoted by LkB = ker(DV ) ⊂ Lk and, by Proposition 4.5, ker(DV ) can be identified
with Ω•B(gE). Since DV and DT commute (4.11),
DT (Ω
•
B(gE)) ⊂ Ω•+1B (gE).
Moreover, DT restricts toDB : LkB → Lk+1B , soDB defines a basic deformation complex. Considering I = 〈Ω28(gE)〉,
the associated basic complex (1.12) becomes
L•B : 0 Ω
0
B(gE) Ω
1
B(gE) (Ω
2
6⊕1)B(gE) 0.
DB DB
Denote by H•B := H
•(LB) the cohomology of the basic complex L•B . This is not an elliptic complex, yet it is elliptic
transversely to the Reeb foliation. In particular, its cohomology H•B is finite-dimensional [EKA90, Theorem 3.2.5],
and we will see that this complex computes the dimension of the moduli space of contact instantons.
Lemma 4.9. Let DT and DV be the operators defined in (4.10), then the formal adjoints of DV and DT are given by:
D∗V = −DV , (4.13)
D∗T = − ∗T DT ∗T . (4.14)
Furthermore,
DVD
∗
T = D
∗
TDV . (4.15)
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Proof. For (4.13) note that, since Lξ coincides withDV on Ω∗H(gE), if ξ is a Killing vector thenDV and ∗T commute,
and so
0 =
∫
M
Lξ(α, ∗Tβ) ∧ η =
∫
M
(DV α, ∗Tβ) ∧ η +
∫
M
(α,DV ∗T β) ∧ η.
Furthermore, since DTDV = DVDT we obtain (4.15). To show (4.14), let α ∈ Ωk−1H (gE) and β ∈ ΩkH(gE):
(α, (∗TDT ∗T )β) =
∫
M
α ∧ ∗2T (DT ∗T β) ∧ η
=
∫
M
α ∧ ∗2T [D(∗Tβ)− η ∧DV (∗Tβ)] ∧ η
=
∫
M
α ∧ ∗2TD(∗(η ∧ β)) ∧ η
=
∫
M
α ∧ ∗T [iξ(∗D ∗ (η ∧ β))] ∧ η = (α, iξD∗η(β))
= (η∗Di∗ξ(α), β),
and the assertion follows by observing that iξDη(α) = iξ(D(η ∧ α)) = iξ(ω ∧ α− η ∧Dα) = −DTα.
We now adapt a number of fundamental insights from [BH16, Proposition 3.3]. We begin by introducing the
transverse Laplacian on the complex L•:
Definition 4.10. The Laplacian of D, with respect to the inner product defined in (2.9), is
∆ := DD∗ +D∗D : L• → L•, (4.16)
and the transverse Laplacian is defined by:
∆T := DTD
∗
T +D
∗
TDT −D2V : L• → L•. (4.17)
Clearly ∆T and ∆ have the same symbol, so ∆T is an elliptic operator. Let us denote the spaces of ∆−harmonic
and ∆T−harmonic forms, respectively, by
Hk := ker(∆) ⊂ Lk and HkT := ker(∆T ) ⊂ Lk.
Since 〈∆Tα, α〉 = ‖DTα‖2 + ‖D∗Tα‖2 + ‖DV α‖2,
α ∈ Lk,0 is ∆T -harmonic if, and only if, DTα = D∗Tα = DV α = 0. (4.18)
On basic forms, in particular, ∆T -harmonicity is equivalent to ∆-harmonicity. Note that ∆T respects the bi-grading
defined in (4.8), hence we can split HkT into components Hk,dT . Since Lη : Lk,0 → Lk,1 (4.5) is an isomorphism, we
know from the outset that
Hk,0T ∼= Hk,1T = η ∧
(
Hk,0T
)
, for k ∈ {1, · · · , 6}. (4.19)
Lemma 4.11. There exists an isomorphism φ : Hk,0T →˜HkB , where Hk,0T is just above defined and HkB is the k-th
cohomology group of the basic complex (1.12).
Proof. Let the morphism φ : Hk,0T → HkB send α ∈ Hk,0T to its equivalence class [α] ∈ HkB . This is well-defined,
by (4.18), since HkT ⊂ ker(DV ) = ΩkB(gE) and D coincides with DT on basic forms, so indeed HkT ⊂ ker(DB),
therefore α defines a equivalence class in HkB .
We first check injectivity of φ. If φ(α) = [α] = 0 ∈ HkB , then
α = DBβ = DTβ + η ∧DV β, with β ∈ Ωk−1B (gE).
DV β = 0 because β is a basic form, hence
α = DTβ = Dβ.
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Applying D∗T to α follows that 0 = D
∗
Tα = D
∗
TDTβ, now taking inner product with β in the last equality we obtain
that DTβ = 0 = α.
To check surjectivity, let α be closed and basic, i.e, α ∈ Lk,0 and DTα = 0 = DV α. Elliptic theory implies that
α = β + ∆T γ, where β ∈ ker(∆T ). From (4.15), we have DV ∆T = ∆TDV , hence
DV α = 0 = DV β +DV ∆T γ = ∆TDV γ.
It follows that DV γ is ∆T -harmonic, in particular D2V γ = 0, and so
0 = DTα = DT∆T γ = DTD
∗
TDT γ +D
2
TD
∗
T γ −DTD2V γ
= −ω ∧DVD∗T γ +DTD∗TDT γ = −ω ∧D∗TDV γ +DTD∗TDT γ
= DTD
∗
TDT γ.
This implies
0 = 〈DTD∗TDT γ,DT γ〉 = ‖D∗TDT γ‖2,
so, α = β + DTD∗T γ. Now, D
∗
T γ is a basic form, since DVD
∗
T γ = D
∗
TDV γ = 0, so in fact α = β + DB(D
∗
T γ).
This shows that every element in HkB has a ∆T -harmonic representative, thus φ is surjective.
Lemma 4.12. Consider the vector spaces Ak := Hk,0T ⊕Hk−1,0T , together with the differential dˆ defined by:
dˆ : Ak → Ak+1
(α, β) 7→ dˆ(α, β) := (ω ∧ β, 0). (4.20)
The following hold:
(i) (A•, dˆ) form a chain complex.
(ii) There is a chain map j• : (A•, dˆ)→ (L•, D) into the complex (4.3), defined by
jk : (α, β) ∈ Ak 7→ α+ η ∧ β ∈ Lk, for k = 0, 1, 2, 3. (4.21)
(iii) χ(A) =
3∑
k=0
(−1)k dim(Hk(A)) = 0.
Proof.
(i) Clearly dˆ2 = 0, and dˆ is well-defined in view of the isomorphismHk,0T ∼= HkB from Lemma 4.11:
(α, β) ∈ Hk,0T ⊕Hk−1,0T (ω ∧ β, 0) ∈ Hk+1,0T ⊕Hk,0T
HkB ⊕Hk−1B (ω ∧ β, 0) ∈ Hk+1B ⊕HkB
p p p p p p p-
?
∼ =
PPPPPPPPqp p p p p p p p p p p p p p p-
6∼ = .
(ii) The maps jk in (4.21) fit in the following diagram:
H0,0T ⊕ {0} H1,0T ⊕H0,0T H2,0T ⊕H1,0T {0} ⊕H2,0T
L0 L1 L2 L3.
-dˆ
0=0
?
j0
-dˆ
1
?
j1
-dˆ
2=0
?
j2
?
j3
-
D
-
D
-
D
(4.22)
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To see that (4.22) is commutative, the only nontrivial step to check is Dj1 = j2dˆ. Given (α, β) ∈ A1, by
definition, Dα = 0 = DV β, hence
Dj1(α, β) = D(α+ η ∧ β) = Dα+ ω ∧ β − η ∧DV β
= ω ∧ β = j2(ω ∧ β, 0)
= j2dˆ(α, β).
(iii) We know, from Lemma 4.11, that each chain Ak in (4.20) is finite-dimensional, for k = 0, 1, 2, 3, and
χ(A) :=
3∑
k=0
(−1)k dim(Ak) =
3∑
k=0
(−1)k
(
dim
(
Hk,0T
)
+ dim
(
Hk−1,0T
))
= 0.
The assertion now follows from the rank-nullity Theorem.
Lemma 4.13. Let Lk, k = 1, 2 be the chain spaces defined in Proposition 4.5. For each [α] ∈ Hk, its harmonic
representative can be written as:
α = β + η ∧ γ, with Dα = D∗α = 0, (4.23)
such that DV β = D∗Tβ = 0 and DV γ = DT γ = 0.
Proof. The harmonic representative of [α] ∈ Hk has the general form α = β + η ∧ γ by definition of Lk (see
Proposition 4.5 item (i)). We know from (4.10) that Dα = DTα+ η ∧DV α, so
0 = Dα = DTβ + η ∧DV β + ω ∧ γ − η ∧ (DT γ + η ∧DV γ)
= DTβ + ω ∧ γ + η ∧ (DV β −DT γ)
and
0 = D∗α = D∗Tβ + (η ∧DV )∗β +D∗T (η ∧ γ) + (η ∧DV )∗(η ∧ γ)
= D∗Tβ −DV (iξ(η ∧ γ))
= D∗Tβ −DV γ.
In summary, we obtain the following relations:
(i) DTβ + ω ∧ γ = 0, (ii) DV β −DT γ = 0, (iii) D∗Tβ −DV γ = 0. (4.24)
Applying DT to (iii) and DV to (ii), and commuting by (4.11), we obtain DTD∗Tβ − D2V β = 0. Taking the inner
product with β, we have
‖DV β‖2 + ‖D∗Tβ‖2 = 0,
therefore DV β = D∗Tβ = 0, and so DV γ = DT γ = 0.
Proposition 4.14. The chain map j∗ : (A•, dˆ) → (L•, D) defined in (4.21) is a quasi-isomorphism, i.e., the induced
map in cohomology jk : Hk(A•)→ Hk(L•) is an isomorphism, for each k = 0, 1, 2, 3.
Proof. There are four cases to consider:
k = 0: This case is trivial, since j0 is essentially the inclusion map.
k = 3: We must show that H3 ∼= {0}⊕H2,0T . From Hodge theory, we have isomorphisms Hk ∼= Hk, so we show that
H3 ∼= H2,0T . Indeed, j3 is just exterior multiplication by η, so
H2,0T = {γ ∈ L2,0 = L2H | ∆T γ = 0} =
{
γ ∈ Ω26 ⊕ Ω21 : DT γ = D∗T γ = DV α = 0
}
∼= {α ∈ η ∧ (Ω26 ⊕ Ω21) : D∗Tα = DV α = 0}
= H3 ⊆ L3.
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k = 1: By (4.23), a class [α] ∈ H1 has a harmonic representative of the form,
α = β + η ∧ γ ∈ Ω1H(gE)⊕ η ∧ Ω0H(gE),
and we first need to be sure that β, γ are ∆T -harmonic. By (4.18) and Lemma 4.13, it only remains to check that
D∗T γ = 0 and DTβ = 0. The former holds because γ ∈ Ω0H(gE) ⊂ ker(D∗T ). For the latter, take the inner product
with β after the following computation:
0 = D∗TDTβ +D
∗
T (ω ∧ γ) = D∗TDTβ − ∗TDT ∗T (ω ∧ γ)
= D∗TDTβ − ∗TDT (∗(η ∧ ω ∧ γ) = D∗TDTβ − ∗TDT (ω2 ∧ γ)
= D∗TDTβ.
Now, let us check that j1 : H1(A•)→ H1(L•) is an isomorphism. From relation (i) in (4.24), we have ω∧γ = 0,
and thus (β, γ) ∈ H1,0T ⊕ H0,0T and dˆ(β, γ) = (ω ∧ γ, 0) = (0, 0), i.e., j1 is surjective. For injectivity, suppose that
[j1(β, γ)] = [β + η ∧ γ] = 0 ∈ H1(L•), so β + η ∧ γ = Dδ, for some δ ∈ Ω0(gE), and so
0 = β −Dδ + η ∧DV δ + η ∧ γ − η ∧DV δ = β − iξ(η ∧Dδ) + η ∧ (γ −DV δ)
= β −DT δ + η ∧ (γ −DV δ).
Comparing types, we have β = DT δ and γ = DV γ, but β and γ are ∆T -harmonic, so indeed (β, γ) = (0, 0).
k = 2: From Lemma 4.13, α = β + η ∧ γ ∈ (Ω26 ⊕ Ω21) (gE) ⊕ η ∧ Ω1H(gE) = L2, where DV β = D∗Tβ = 0 and
DV γ = DT γ = 0. Note that ω ∧ γ = 0, since ω ∧ γ ∈ L3 = L2,1 ∼= η ∧ (Ω26 ⊕ Ω21)(gE), so relation (i) in (4.24)
implies that DTβ = 0, i.e., j2 : H2(A•) → H2(L•) is surjective. For injectivity, recall that the complex (L•, D) in
(4.3) is elliptic [Proposition 4.7] on a compact odd-dimensional manifold, so
0 =
∑
(−1)k dim(Hk(L•)),
similarly, 0 =
∑
(−1)k dim(Hk(A•)) (see item (iii) of Lemma 4.12). Since jk is an isomorphism for k = 0, 1, 3, we
conclude that dim(H2(L•)) = dim(H2(A•)), hence j2 is also an isomorphism.
Remark 4.15. Lemma 4.11 and Proposition 4.14 can be shown in the same fashion if we adopt the ideal I = Span{Ω26},
instead of I = Span{Ω28}.
Proposition 4.16. Assume the Sasakian manifold M7 is closed (see Remark 4.2). Then the map
Lω : [α] ∈ H0B 7→ [α⊗ ω] ∈ H2B ,
induced in cohomology by Lω : Lk → Lk+2 [cf. Lemma 4.6], is injective.
Proof. Since Dω = 0, the exterior product map for ω is a well-defined map in cohomology. Given α ∈ ker(ω ∧ ·) ⊂
H0B , clearly [α⊗ ω] = 0 ∈ H2B , so there exists some β ∈ Ω1B such that α⊗ ω = DBβ. Then
‖α‖2 =
∫
M
〈α ∧ ∗α〉 =
∫
M
α ∧ ∗α ∧ η ∧ ω
3
3!
=
1
6
∫
M
αω ∧ ∗T (αω) ∧ η
=
1
6
∫
M
DBβ ∧ αω2 ∧ η.
Therefore, it suffices to show that the integrand is exact. Indeed:
d
(〈β ∧ αω2〉 ∧ η) = (DBβ ∧ αω2 + β ∧DB(αω2)) ∧ η + β ∧ αω2 ∧ ω
= (DBβ ∧ αω2) ∧ η + (β ∧ αω2) ∧ ω
= (DBβ ∧ αω2) ∧ η.
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At an instanton, the cohomologies H• and H•B of the complexes (1.11) and (1.12), respectively, fit in a Gysin
sequence analogous to [Ton12, Theorem 10.13]:
Proposition 4.17. At a SDCI, the complex (4.20) induces a long exact sequence in cohomology:
· · · Hk−2B (A) HkB(A) Hk(A) Hk−1B (A) Hk+1B (A) · · ·ω∧ ω∧ (4.25)
Proof. In order to show the exactness of (4.25), we use the isomorphisms H•(A) ∼= H• [Proposition 4.14] and
HkB
∼= Hk,0T [Lemma 4.11]. We recall that the differential dˆk : Ak → Ak+1 from (4.20) maps (α, β) ∈ Hk,0T ⊕Hk−1,0T
to (ω ∧ β, 0) ∈ Hk+1,0T ⊕Hk,0T .
• First note that H0(A) = ker(dˆ0) = H0,0T ∼= H0B , hence we obtain exactness in
0 H0B H
0 0 .
Also note that H3(A) = H2,0T ∼= H2B , hence we obtain exactness in
0 H3 H2B 0 .
It remains to show the exactness of
0 H1B H
1 H0B H
2
B H
2 H1B 0.
ω∧ ω∧ ω∧
We proceed from left to right.
• From Proposition 4.16, the map Lω : H0B → H2B is injective. Moreover,
H1(A) = ker(dˆ1) = {(α, β) ∈ H1,0T ⊕H0,0T |(ω ∧ β, 0) = (0, 0)}
∼= H1,0T ⊕ {0} ∼= H1B ,
so mapping H1 → 0 gives exactness at H1B , H1 and H0B .
• The map H2B → H2 is induced by the inclusion L2B → L2, and its kernel consists of exact basic forms. By
Proposition 4.14, these are identified with the image of Lω : H0T → H2,0T , hence (4.25) is exact at H2B .
• We assert that the map
(iξ)∗ : H2 → H1B ,
induced in cohomology by iξ : L2 → L2B , is surjective. Indeed, if α ∈ L1 is basic and closed, the form η ∧ α
belongs to L2, and D(η ∧ α) = ω ∧ α is a basic 3-form, i.e., ω ∧ α ∈ L3,0[cf. (4.9)], so it is zero, and
(iξ)∗[η ∧ α] = [α], as claimed.
• Finally, H2(A) = H
2,0
T ⊕H1,0T
im(dˆ1)
and
im(d1) = {(α, β) ∈ H2,0T ⊕H1,0T |d(θ, γ) = (α, β), for some (θ, γ) ∈ H1,0T ⊕H0,0T }
= {(α, β) ∈ H2,0T ⊕H1,0T |(ω ∧ γ, 0) = (α, β), γ ∈ H0,0T }
∼= ω ∧ (H0,0T )⊕ {0},
so, H2 ∼= H2B
ω∧(H0,0T )
⊕H1B ∼= H
2
B
ω∧(H0B)
⊕H1B .
The following immediate consequence of Proposition 4.17 proves part (ii) of Theorem 1.2:
Corollary 4.18. At a SDCI, the inclusion L1B → L1 induces an isomorphism H1B ∼= H1, thus the expected dimension
of the moduli space (1.8) is h1B := dimH
1
B (1.12).
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4.3 Obstruction and smoothness
In this section we will establish that, if the second cohomology group H2B of the basic complex in (1.12) vanishes,
then the moduli spaceM∗ of irreducible SDCI defined in (1.8) has a local structure of a smooth manifold (Corollary
4.26). Our approach follows the general scheme of [DK90, § 4.2], adapting to 7 dimensions some crucial insights
from [BH16, §3.1 & §3.2].
4.3.1 The obstruction map
Lemma 4.19. Let A be a SDCI and α ∈ L1 ∼= Ω1(gE) [cf. Proposition 4.5]; the connection A + α remains a SDCI
if, and only if, α is a Maurer-Cartan element of (L•, D) [cf. (4.2) and (4.3)], i.e.,
Dα+
1
2
[α, α] = 0 ∈ L2.
Proof. Given α ∈ Ω1(gE), the curvature of the connection A+ α is
FA+α − FA = Dα+ 1
2
[α, α] ∈ Ω2(gE).
HenceA+α still has curvature in Ω28(gE), if, and only if, the Maurer-Cartan torsionDα+
1
2 [α, α] lies in I = 〈Ω28(gE)〉,
and therefore it vanishes in the quotient.
Notation 4.20. We denote by A+ the elements in L1 satisfying the Maurer-Cartan condition.
We introduce the W2m-Sobolev norms on smooth sections Γ(gE):
‖s‖m :=
(
k∑
m+1
∫
M
|Am(s(x))|2 dvol
) 1
2
, m ∈ N, (4.26)
where ∇js ∈ Γ(gE ⊗ T 0,j(M)), and |∇js| is determined by the metric on M and the fibrewise inner product (2.9)
on gE .
Let Am denote the space of W2m-connections on E, and define Gm+1 as the topological group of W2m+1-gauge
transformations. For m > 3, Sobolev multiplication holds [DK90, Appendix II], hence Gm+1 has the structure of an
infinite-dimensional Lie group modeled on a Hilbert space; its Lie algebra is the space of W2m+1 sections of End(gE).
Moreover, the gauge group Gm+1 acts smoothly on Am, so we denote by
Bm = Am/Gm+1
the Hausdorff orbit space with the quotient topology [DK90, Lemma 4.2.4]. LetMm ⊂ Bm denote the set of moduli
of solutions to the selfdual (λ = 1) contact instanton equation (1.1) and, accordingly, denote by M∗m ⊂ Mm the
stratum of irreducible elements.
We recall that a contact instanton A ∈ A defines a complex (L•, D) [cf. (4.3)]. The Lk spaces consist of smooth
sections of vector bundles on M (Proposition 4.5), and we denote their W2m-completions by L
•
m. From the formal
adjoint of D,
D∗ : Lkm → Lk−1m−1,
we define the Laplacian ∆: Lkm → Lkm−2 as in (4.16). Denote by G its Green operator, i.e., the inverse of ∆ on the
orthogonal complement ker(∆)⊥, the orthogonal projection onto harmonic sections is denote by
H : Lkm → ker(∆) ⊂ Lkm (4.27)
finally set
δ := D∗G. (4.28)
Definition 4.21. The Kuranishi map is defined by
F : L1m → L1m
F (α) := α+ 12δ[α, α];
(4.29)
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Lemma 4.22. The Kuranishi map in Definition 4.21 is invertible near 0 ∈ L1m (4.2).
Proof. For m > 3, F is a smooth map from the Hilbert space L1 to itself. The linearisation of F at 0 ∈ L1m is the
identity:
F ′(0)(β) = (β + tδ[β, β])|t=0 = β,
hence there exists a smooth inverseF−1 near 0 ∈ L1m. Take c > 0 sufficiently small, such that
Uε = {β ∈ L1m| ∆β = 0, ‖β‖m < ε} ⊂ H1 ∩ Dom(F−1). (4.30)
For β ∈ Uε and α := F−1(β), i.e., β = α+ 12δ[α, α],
0 = ∆β = ∆α+
1
2
∆δ[α, α] = ∆α+
1
2
D∗[α, α]− 1
2
D∗H[α, α]
= ∆α+
1
2
D∗[α, α],
so, α is a smooth point, by elliptic regularity.
We define the obstruction map of the deformation complex (L•, D) [cf. (4.3)] by:
Ψ: Uε → H2
Ψ(α) := H[F−1(α),F−1(α)], (4.31)
where Uε is defined in (4.30) andH2 = ker(∆) ⊂ L2.
Lemma 4.23. For m > 3, let Uε be a neighbourhood of 0 ∈ L1m as in (4.30), on which the inverse F−1 of the map
(4.29) is defined. ThenF−1 maps Ψ−1({0}) diffeomorphically to a neighbourhood W of the set
S = {α ∈ L1|α ∈ ker(D∗)} ∩ A+.
where A+ is defined in Notation 4.20.
Proof. Given α ∈ Lkm,
Dδ(α) = (∆−D∗D)Gα = (1−H)α−D∗GDα
= (1−H− δD)α,
i.e.,
Dδ = 1−H− δD. (4.32)
Now, we show thatF−1(Ψ−1(0)) ⊂ S. If β ∈ Ψ−1(0), set α = F−1(β), and apply D∗ to β = α+ 12δ[α, α]:
0 = D∗β = D∗α+
1
2
(D∗)2G[α, α] = D∗α.
On the other hand, applying D to β and using (4.32), we obtain
0 = Dβ = Dα+
1
2
Dδ[α, α] = Dα+
1
2
[α, α] +
1
2
Ψ(β)− δ[Dα,α]
= Dα+
1
2
[α, α]− δ[Dα,α],
so, if δ[Dα,α] = 0, thenF−1 maps Ψ−1(0) into S. To see that δ[Dα,α] = 0, put x = δ[Dα,α] and note that
δ[Dα,α] = δ[−1
2
[δ, δ] + δ[Dα,α], α] = δ[δ[Dα,α], α],
i.e., x = δ[x, α]. Now, for each m > 3, there exists K > 0 such that
‖x‖m = ‖δ[x, α]‖m ≤ K‖x‖m‖α‖m,
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so we can take c small enough that ‖α‖m < 1K , hence x = 0, as claimed.
Conversely, let α ∈ S and set β = F (α), as above. Since D∗β = D∗α = 0,
Dβ = Dα+
1
2
Dδ[α, α] = Dα+
1
2
(1−H− δD)[α, α]
= −1
2
[α, α] +
1
2
[α, α]−H[α, α]− δ[Dα,α]
= −H[α, α].
The left-hand side in the above equality isD-exact, whereas the right-hand side is harmonic, henceDβ = −H[α, α] =
Ψ(β) = 0. Therefore β is harmonic and lies in Ψ−1(0).
In the context of Lemma 4.23, as shown in [DK90, §4.2.3], the tangent model is characterised as follows
Proposition 4.24. Let [A] ∈Mm be a SDCI gauge modulus, and denote its isotropy by
ΓA := Aut(G)/Z(G),
where Z(G) is the centre of G. Let c > 0 be small enough so that the inverse F−1 is defined on Uε (4.30). Then
Ψ−1(0)/ΓA is a neighborhood of [A] in Mm. Furthermore, for m > 3, the natural map Mm+1 → Mm is a
homeomorphism, so we may suppress the subscript m inMm.
Remark 4.25. The Maurer-Cartan condition Dα+ 12 [α, α] = 0 [cf. Lemma 4.19] is equivalent to
D(F (α)) = 0 and H[α, α] = 0.
Hence, by the slice Lemma 3.3, a chart about [A] ∈M∗ is given byF (S+A,ε), where S+A,ε := SA,ε ∩ A+.
Corollary 4.26. If [A] ∈ M∗ is an irreducible SDCI such that the obstruction map (4.31) vanishes, then M∗ is a
smooth manifold near [A].
4.3.2 Cohomological vanishing of obstruction
We now obtain sufficient cohomological conditions for the vanishing of the obstruction map (4.31), and thus the local
smoothness ofM∗ (1.8). The transverse Laplacian ∆T from (4.17) satisfies, by ellipticity,
Lk = ker(∆T )⊕ ker(∆T )⊥.
Denote by HT : Lk → ker(∆T ) the projection onto ∆T -harmonic sections, by GT the Green operator of ∆T , and set
δT := D
∗
TGT . By the same argument applied to (4.29) in Lemma 4.22, the map
FT : α ∈ L1m 7→ α+
1
2
δT [α, α] ∈ L1m,
is an isomorphism near 0 ∈ L1m, for m > 3. Taking c > 0 small enough, we set
Uε = {γ ∈ H1T | ‖γ‖L2m < ε} (4.33)
such thatF−1T is defined on Uε.
Proposition 4.27. At an irreducible SDCI such that H2B = 0, the obstruction Ψ in (4.31) vanishes.
Proof. By (1.11) and Corollary 4.18, infinitesimal contact instanton deformations are parametrised by H1 = H1B .
Fix c > 0 small enough that F−1T is defined on Uε, as in (4.33). Since DT = 0 on L
2
m−1, ∆T simplifies to
∆T = DTD
∗
T −D2V , and, using the fact that DV commutes with the Green operator, we obtain
DT δT = DTD
∗
TGT = (∆T +D
2
V )GT
= (1−HT ) +GTD2V .
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Furthermore, the assumption and Lemma 4.11 together imply that 0 = H2B ∼= H2T , so HT vanishes on L2m−1, and the
above equation simplifies to
DT δT = 1 +GTD
2
V . (4.34)
For γ ∈ Uε, let α := F−1T (γ), so γ = α+ 12δT [α, α]. Since γ is ∆T -harmonic, it follows from (4.18) that
0 = DV γ = DT γ = D
∗
T γ.
Now, since DV commutes with DT (4.11) and also with D∗T and GT , a similar argument to Lemma 4.23) shows that
δT [DV α, α] = 0, and so
0 = DV γ = DV α+
1
2
DV δT [α, α]
= DV α+
1
2
DVD
∗
TGT [α, α] = DV α+ δT [DV α, α]
= DV α.
Thus DTα = Dα, and we conclude from (4.34) that
0 = DT γ = DTα+
1
2
DT δT [α, α] = Dα+
1
2
(1 +GTD
2
V )[α, α]
= Dα+
1
2
[α, α],
i.e., α is a Maurer-Cartan element [cf. Lemma 4.19]. Furthermore, sinceD2T = −ω∧DV [cf. (4.12)] andD∗V = −DV
[cf. (4.13)], we have (D∗T )
2 = DV Λ(·), where Λ is the formal adjoint of Lω (4.5). This implies
0 = D∗T γ = D
∗
Tα+
1
2
D∗T δT [α, α]
= D∗Tα+
1
2
(D∗T )
2GT [α, α] = D
∗
Tα+
1
2
DV Λ(GT [α, α])
= D∗Tα.
In summary, α = F−1T (γ) ∈ S ∩ A+ = {α ∈ L1m|D∗α = 0, Dα + 12 [α, α] = 0}, and it follows that F−1T defines
a map from Uε into S. In Lemma 4.23 it was shown that F maps a neighborhood of 0 ∈ S to a neighborhood of
Ψ−1(0), hence, for c > 0 small enough,
Ψ ◦F ◦F−1T (α) = Ψ(FF−1T (α)) = H[F−1FF−1T (α),F−1FF−1T (α)]
= HT [F
−1
T (α),F
−1
T (α)]
= 0,
since the linearisation ofF ◦F−1 at 0 is the identity. Therefore Ψ = 0 on Uε, for sufficiently small c .
If A is a contact instanton, the transverse index of A is defined as the index of the basic complex in (1.12), namely,
indexT (A) = dim(H0B)− dim(H1B) + dim(H2B). (4.35)
When A is irreducible we have H0B = {0}. If moreover H2B = {0}, it follows from Proposition 4.27 and Corollary
4.26 thatM∗ is locally a smooth manifold of dimension computed by the transverse index (4.35):
dimM∗ = dimH1B = − indexT (A).
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5 Geometric structures on the contact instanton moduli spaceM∗
Arguably the most attractive prospect in studying the moduli space of contact instantons is the future construction
of topological invariants for Sasakian 7-manifolds, so we are particularly interested in geometric structures onM∗.
By means of comparison, we know from [BH16, § 4.3] that, under suitable assumptions, the moduli space of ASD
contact instantons on a Sasakian 5-manifold (M5, η, ξ, g,Φ) is Kähler, and moreover hyper-Kähler in the transverse
Calabi-Yau case. In the same spirit, we will show thatM∗ carries a natural Kähler strucutre.
5.1 Riemannian metric onM∗
We define a Riemannian metric on the (smooth stratum of the) moduli space of SDCI M∗ following a standard
approach, e.g. [Ito88,BH16]. From the slice Lemma 3.3, we know that neighborhoods of a smooth point [A] ∈M∗ ⊂
B∗ have the form pi(SA,ε) ⊂ B∗, where pi : A → B is the quotient map and
SA,ε = {α ∈ L1|‖α‖k < ε} ∩ ker(D∗A).
In view of Proposition 4.5, L1 ∼= Ω1(gE) can be endowed with the inner product (2.9):
(α, β) =
∫
M
〈α ∧ ∗Tβ〉 ∧ η.
Since (·, ·) is G-invariant, it induces naturally an inner product on the quotient space B, described explicitly on each
neighbourhood SA,ε as follows. By elementary Hodge theory, each tangent space has a unique orthogonal decompo-
sition:
TAA∗ ∼= Ω1(gE) = im(DA)⊕ ker(D∗A).
For a basic 1-form β ∈ Ω1B(g), let us denote, accordingly, β = βv + βh, with βv ∈ im(DA) and βh ∈ ker(D∗A)
(Figure 1). We may now define a positive semi-definite inner product on Ω1(gE) which, a priori, depends on the
choice of slice neighborhood:
(α, β)A := (α
h, βh), (5.1)
Figure 1: Slice-dependent inner product on B∗ obtained from ker(D∗A+α).
Fix a slice SA,ε. On the tangent space TA+αSA,ε at A + α ∈ SA,ε, an inner product is defined by the restriction
of (5.1):
(β1, β2)A+α = (β
h
1 , β
h
2 ), where β
h
1 , β
h
2 ∈ ker(D∗A+α). (5.2)
Although the choice of the slice SA,ε is not unique, we nonetheless have the following:
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Proposition 5.1. [Ito88, Proposition 3.1] The restriction to a slice neighborhood of the inner product (5.1) defines a
positive definite inner product on B∗, which is independent of the choice of slice neighborhoods.
Sketch of Proof. For clarity, we outline the main ideas of the proof, referring the reader to the original reference for
the full argument. Given another slice SA′,ε′ such that ∅ 6= pi(SA,ε)∩ pi(SA′,ε′) ⊂ B, then there is a transition smooth
map
g : α ∈ SA,ε ∩ pi−1(pi(SA′,ε′)) 7→ gα ∈ G,
satisfying gα(A+ α) = A′ + α′ ∈ SA′,ε′ . This induces a diffeomorphism between slice neighborhoods
Ψ: SA,ε ∩ pi−1 (pi(SA′,ε′)) → SA′,ε′ ∩ pi−1 (pi(SA,ε))
Ψ(A+ α) := gα(A+ α)
whose derivative is
Ψ∗ : TA+αSA,ε → TA′+α′SA′,ε′
(Ψ∗)A+α(β) = gαβ +DA′+α′γ,
where γ := ddt
∣∣
t=0
γt ∈ Ω0(gE) for some curve γt ∈ Ω0(gE) with γ0 = 0. Hence Ψ∗(β)h = gα(β). Since (·, ·) in
(5.1) is gauge-invariant, the induced inner product (5.2) does not depend on the choice of the slice neighborhood.
Proceeding as in Lemma 4.22, the linearisation of the Kuranishi map is given by:
F∗ : Tα
(
Ω1(gE)
) → TF(α) (Ω1(gE))
(F∗)A+α(β) := β + δ[α, β]
(5.3)
where δ := D∗AG was defined in (4.28). Hence, the tangent space to a slice neighborhood at A+α is characterised as
TA+α(S
+
A,ε) = {β ∈ Ω1(gE)|D∗Aβ = 0, DAβ + [α, β] = DA+αβ = 0}, (5.4)
where S+A,ε := SA,ε ∩ A+ [cf. Notation 4.20] denotes the elements in L1 satisfying the Maurer-Cartan condition.
Taking α = 0 in (5.4), we see that TA(S+A,ε) = H1.
Proposition 5.2. The differentialF∗ of the Kuranishi Map [cf. Definition 4.21] restricted to TA(S+A,ε) is given by
F∗ : TA(S+A,ε) → TA(Uε)
β 7→ HAβ
where we identify A+α with α and Uε is the neighbourhood on which the inverseF−1 is defined (4.30) and HAβ is
the harmonic part of β (4.27).
Proof. Given β ∈ TA(S+A,ε), from (5.4) we have DAβ = −[α, β]. On the other hand, D∗A commutes with the green
operator GA, so the restriction of (5.3) to TA(S+A,ε) takes the following form:
F∗(β) = β + δ[α, β] = β −D∗AGDAβ
= β −D∗DAGβ = β −∆AGβ +DAD∗AGβ
= Hβ +DAGD
∗
Aβ
= Hβ
Following the argument of [Ito88, Proposition 3.3], we split β ∈ Tα(S+A,ε) like in (5.2) to see that βh ∈ H1A+α,
then the inner product (·, ·) on Tα(S+A,ε) is written as
(β, β1)A+α = (Hαβ,Hαβ
1). (5.5)
Thus, in view of (5.5), we can compute the inner product (5.2) of elements α and β in the deformation space H1(L)
by taking their harmonic representatives inH1T .
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5.2 Complex structure onM∗
5.2.1 A natural almost-complex structure
As a straightforward application of the transverse Kähler identities [Lemma 2.2], we can show the following result,
which will lead to a well-defined complex structure onM∗ [cf. Definition 5.4 below]:
Lemma 5.3. Let H1B(gE) be the first cohomology group of the basic complex (1.12), and denote by
∆∂¯A := ∂¯A∂¯
∗
A + ∂¯
∗
A∂¯A : Ω
p,q
B (M, gE)→ Ωp,qB (M, gE)
the Laplacian associated to ∂¯A acting on basic forms, and by Hp,q∂¯A := ker ∆∂¯A ⊂ Ω
p,q
B (M, gE) its space of basic
∂¯A-harmonic sections. Then there exists an isomorphism:
H1B(gE)
∼= H0,1
∂¯A
⊕H0,1
∂¯A
.
Proof. We decompose a basic 1-form as follows:
α = β0,1 + γ0,1 ∈ Ω1,0B (M, gE)⊕ Ω0,1B (M, gE) = Ω1B(M, gE).
Recall from Lemma 4.11 that there is an isomorphism H1B(gE) ∼= H1,0T , and that, acting on basic forms, DT =
D|ΩkB(gE) = DB . Therefore, a basic 1-form α is DT -harmonic if, and only if, D∗α = 0 and Dα = 0, firstly from
0 = Dα = (∂A + ∂¯A)(β0,1 + γ
0,1)
= ∂Aβ0,1 + ∂¯Aγ
0,1 + (∂Aγ
0,1 + ∂¯Aβ0,1),
we obtain
∂¯Aγ
0,1 = 0, ∂¯Aβ
0,1 = 0, (5.6)
and
Λ(∂Aγ
0,1 + ∂¯Aβ0,1) = 0. (5.7)
Secondly, applying the transverse Kähler identities [cf. Lemma 2.2] to ∂¯∗Aγ
0,1 and ∂∗Aβ0,1, respectively we obtain:
∂¯∗Aγ
0,1 = i(∂AΛγ0,1 − Λ∂Aγ0,1) = −iΛ∂Aγ0,1,
∂∗Aβ0,1 = i(∂¯AΛβ0,1 − Λ∂¯Aβ0,1) = iΛ∂¯Aβ0,1.
hence, using the above equalities, the condition 0 = D∗α becomes
0 = D∗α = ∂¯∗Aβ0,1 + ∂
∗
Aγ
0,1 + (∂¯∗Aγ
0,1 + ∂∗Aβ0,1)
= ∂¯∗Aγ
0,1 + ∂∗Aβ0,1 = iΛ∂¯Aβ0,1 − iΛ∂Aγ0,1
= Λ(∂¯Aβ0,1 − ∂Aγ0,1)
by comparing the last equality with (5.7) we concluded that Λ∂Aγ0,1 = 0 and Λ∂¯Aβ0,1 = 0, and therefore ∂¯∗Aγ
0,1 = 0
and ∂¯∗Aβ
0,1 = 0. In summary, from (5.6) and the last assertion
∂¯∗Aγ
0,1 = 0, ∂¯Aγ
0,1 = 0
∂¯∗Aβ
0,1 = 0, ∂¯Aβ
0,1 = 0.
i.e., α = γ0,1 + β0,1 ∈ H0,1
∂¯A
⊕H0,1
∂¯A
.
We seek to define a complex structure on the tangent space T[A]M∗. We recall its identification T[A]M∗ ∼= H1(L)
with the first cohomology group of the complex (4.3) [See Theorem 1.2 item (ii)] which, in turn, is isomorphic to the
first basic cohomology group H1B [see Corollary 4.18], and, finally, that H
1
B
∼= H1,0T [see Lemma 4.11]:
T[A]M∗ ∼= H1(L) ∼= H1B ∼= H1,0T .
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Definition 5.4. We define an almost complex structure J on T[A]M∗ ∼= H1B to be that one induced by the complex
structure J := Φ|H, where H is the horizontal bundle induced by the Sasakian structure of M [cf. (A.1)].
To see that the almost complex structure J in Definition 5.4 is well defined, it suffices to check that the space of
DT -harmonic 1–forms is closed under the action of J , i.e., J(H1,0T ) ⊂ H1,0T , in view of the identification H1B ∼= H1,0T .
Indeed, from the isomorphismH1B(gE) ∼= H0,1∂¯A ⊕H
0,1
∂¯A
[cf. Lemma 5.3], a basic 1–form α ∈ Ω1(gE) isDT –harmonic
if, and only if, α = γ + β¯, for some ∂¯A–harmonic forms α, β ∈ Ω0,1B (gE), therefore Jα ∈ H0,1∂¯A ⊕H
0,1
∂¯A
.
5.2.2 Integrability of J
For each A ∈ A, we defined operators D,DT and DV , cf. (4.10). Analogously, to a deformation A+ α ∈ S+A,ε there
correspond operators DA+α, DT,A+α and DV,A+α, which we abbreviate respectively by
Dα, DT,α and DV,α.
These differentials give rise to cohomology groups, which we denote for clarity by
Hkα := H
k
A+α and H
k
B,α := H
k
B,A+α.
Furthermore, for α ∈ Uε as in (4.30), we denote by α+ := F−1(α) ∈ S+A,ε its image under the inverse Kuranishi
map. Since H1T embeds into the affine space L1 ∼= Ω1(g) [Proposition 4.5], each tangent vector λ at A induces a
vector field λ canonically extended over Uε. Since F is a diffeomorphism from S+A,ε onto Uε, λ provides a locally
defined vector field over S+A,ε (see Figure 2). We denote the push-forward of λ by
λ+ := (F−1∗ )α
(
λ
) ∈ Tα+(T+A,α).
Figure 2: Chart about [A] ∈M∗ modeled by the Kuranishi map on Uε ⊂ H1, with α+ = F−1(α) and λ+ = (F−1∗ )α(λ).
The Riemannian metric in (5.5) is defined in terms of the projection onto the harmonic part, so we need formulas
for the harmonic representatives of tangent vectors to the slice S+A,ε. The next results are an adaptation of [BH16,
Proposition 4.7] to Sasakian 7-manifolds, but we include full proofs for the sake of completeness.
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Lemma 5.5. Let λ ∈ H1T be a tangent vector at α ∈ Uε ⊂ H1B(gE), representing a vector field λ canonically
extended to Uε. Then, the harmonic representative of λ+ := F−1∗α
(
λ
)
is given by
γ = λ+ +DT,α+f, (5.8)
for some f(α, λ) ∈ Ω0B(gE) which is a solution of
D∗T,α+ ◦DT,α+(f) +D∗T,α+(λ+) = 0. (5.9)
Proof. Let α ∈ Uε ⊂ H1B(gE). Since H1B(gE) ∼= H1,0T [cf. Lemma 4.11] we can assume α to be DT –harmonic. By
Definition 4.21 of the Kuranishi map, α+ = F−1(α) ∈W ⊂ SA,ε satisfies:
α = α+ +
1
2
δT [α
+, α+], with δT = D∗TGT .
Since the derivative of the Kuranishi map at α = 0 is the identity [cf. Lemma 4.22], we can write
α+ = α− 1
2
δT [α, α] +O(|α|2), (5.10)
where o(|α|2) has vanishing 2-jet at α = 0. Take λ ∈ H1T a tangent vector at A, by the affine structure of the tangent
space, that vector represent also a canonically extended vector field λ on Uε. Let c(t) be a integral curve of λ, then
c(0) = α and ddt
∣∣
t=0
c(t) = λ. So using (5.10) we can compute
λ+ = F−1∗α
(
λ
)
=
d
dt
∣∣∣∣
t=0
F−1(c(t)) =
d
dt
∣∣∣∣
t=0
c(t)+
=
d
dt
∣∣∣∣
t=0
(
c(t)− 1
2
δT [c(t), c(t)] + o(|α|2)
)
= λ− δT [λ, α] + o(|α|, λ),
(5.11)
where o(|α|, λ) has vanishing 1–jet at α = 0, for fixed λ. Note that, sinceF−1 is bijective from SA,ε onto Uε, we get
a vector field λ+ := (F−1∗ )α(λ) along SA,ε. More precisely, λ
+ corresponds to a local vector field onM∗ under the
natural projection pi|SA,ε : SA,ε → pi(SA,ε) ⊂ B [cf. Lemma 3.3], so λ+ represents a class in H1B,α+ . Note that λ+ is
not necessarily harmonic, so we denote by γ := γ(α, λ) the harmonic representative in [λ+] ∈ H1B,α+ . Hence there
exists f(x, λ) ∈ Ω0B(gE) such that
γ = λ+ +DT,α+(f).
Note that D∗T,α+γ = 0, because γ is DT,α+–harmonic, so, applying D
∗
T,α+ to the above equality, we see that f indeed
satisfies (5.9).
Lemma 5.6. Under the assumptions of Lemma 5.5, the following assertions hold:
(i) The harmonic representative of λ+ can be expressed, to first order, as:
γ(α, λ) = λ− δT [λ, α] +DT f(α, λ) + o(|α|, λ). (5.12)
(ii) Let f ∈ Ω0B(gE) be a solution of (5.9), then f is the unique solution of the elliptic equation
∆T,α+(f) +D
∗
T,α+(λ
+) = 0. (5.13)
Proof. Item (i) follows by direct computation, using (5.11):
γ(α, λ) = λ+ +DT,α+f(α, λ)
= λ− δT [λ, α] + o(|α|, λ) +DT f(α, λ) + [λ+, f(α, λ)]
= λ− δT [λ, α] +DT f(α, λ) + o(|α|, λ).
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Now for (ii), recall from Definition 4.10 that ∆T,α+ = D∗T,α+ ◦DT,α+ + DT,α+ ◦D∗T,α+ −D2V,α+ . Since f is
basic with respect to A, and α+ is itself basic with respect to A, then A and A + α+ define the same spaces of basic
forms, so f is basic with respect to α+, i.e., DV,α+f = 0. As a result, (5.9) can be rewritten as the elliptic equation
(5.13). Denote by f(α, λ) ∈ Ω0B(gE) a solution of (5.13), and observe that f is unique for fixed α and λ, since any
two such solutions differ by an element of H0B,α+ , which is zero because A + α+ is irreducible. By standard elliptic
theory, f(α, λ) depends smoothly on α. For α = 0, the derivative of F−1 is the identity, so λ+ is harmonic and by
uniqueness f(0, λ) = 0. Clearly, f is linear in λ.
We’re now in position to show the integrability of J [cf. Definition 5.4], using Lemma 5.5 and the formula (5.12)
for the harmonic representative of λ+:
Proposition 5.7. The almost complex structure J [cf. Definition 5.4] onM∗ is integrable.
Proof. We show that the assignment α 7→ α+ = F−1(α) under the Kuranishi map [cf. Definition 4.21] is a system
of normal coordinates for the metric (5.1) about [A] [cf. [Mor07, Theorem 11.6]]. Let λ1, λ2 ∈ H1T be tangent vectors
and denote by λ¯i, i = 1, 2 the canonically extended vector fields on Uε. We determine the 1–jet of the inner product
(5.1) at α = 0, in terms of the expression for harmonic representatives in (5.12):
(λ¯1, λ¯2)A := (Hλ
+
1 ,Hλ
+
2 ) = (γ(α, λ1), γ(α, λ2))
= (λ1 − δT [λ1, α] +DT f(α, λ1), λ2 − δT [λ2, α] +DT f(α, λ2)) + o(|α|)
= (λ1, λ2) + (λ1,−δT [λ2, α] +DT f(α, λ2))
+ (−δT [λ1, α] +DT f(α, λ1), λ2) + o(|α|)
= (λ1, λ2) + (DTλ1,−GT [λ2, α]) + (D∗Tλ1, f(α, λ2))
+ (GT [λ1, α], DTλ2) + (f(α, λ1), D
∗
Tλ2) + o(|α|)
= (λ1, λ2) + o(|α|).
In the above we have used the fact that each λi, i = 1, 2 is DT –harmonic, thus (4.18) implies DTλi = DTλ∗i = 0.
Finally, for fixed λi, i = 1, 2, the 1–jet o(|α|) vanishes at α = 0, henceF−1 defines normal coordinates at [A].
5.3 Kähler structure onM∗
Definition 5.8. Let J be the complex structure onM∗ from Definition 5.4; using the inner product (5.1), we define a
bilinear form on TM∗ by:
Ω[A](α, β) := (α,J β).
From Lemma 5.9, we obtain immediately:
Lemma 5.9. Let α and β be the harmonic representatives of its classes in H1B(gE), then Ω is the skew-symmetric
2-form associated to J via the inner product (2.9):
Ω[A](α, β) =
1
2
∫
M
〈α ∧ β〉 ∧ η ∧ ω2. (5.14)
Now, we show that Ω[A] is closed using the
Proposition 5.10. The skew-symmetric form Ω associated to J [cf. Definitions 5.4 and 5.8] is closed.
Proof. In normal coordinates at [A] ∈ M∗, given by the inverse of the Kuranishi map [cf. Proposition 5.7], we use
(5.12) and (5.14):
Ω[A](γ(α, λ1), γ(α, λ2)) =
1
2
∫
M
〈λ1 ∧ λ2〉 ∧ η ∧ ω2 −
∫
M
〈λ1 ∧ δT [λ2, α]〉 ∧ η ∧ ω2
−
∫
M
〈δT [λ1, α] ∧ λ2〉 ∧ η ∧ ω2 + o(|α|)
=
∫
M
〈λ1 ∧ λ2〉 ∧ η ∧ ω2 − (DTJλ1, GT [λ2, α])
+ (GT [λ1, α], DTJλ2) + o(|α|)
=
∫
M
〈λ1 ∧ λ2〉 ∧ η ∧ ω2 + o(|α|).
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In the last equality we used the fact that Jλi, i = 1, 2 is DT –harmonic. At the point [A] we have α = 0, so the 1-jet
o(|α|) is constant and dΩ = 0.
It follows from Propositions 5.7 and 5.10 that (J ,Ω) is a Kähler structure onM∗, which concludes the proof of
Theorem 1.3.
Remark 5.11. If M is a 5-dimensional contact Calabi-Yau manifold, there exists {Ji}3i=1 a hypercomplex structure
with associated Kähler forms {ωi}3i=1 on the distribution H (A.1), so Proposition 5.7 can be applied to each Ji, i =
1, 2, 3 to provide a hypercomplex structures {Ji}3i=1 onM∗. Analogously, Proposition 5.10 can be applied to each
Ji, i = 1, 2, 3 to obtain a Sp(m)–structure onM∗ (dim(M∗) = 4m). As a result the moduli spaceM∗ would be
hyper-Kähler in this case [cf. [BH16]]. For 7-dimensional Sasakian manifold M , even in the contact Calabi-Yau
case, we can not hope the existence of a transverse hyper-Kähler structure on the distribution H (A.1), just like in the
5–dimensional case, because H (A.1) should have congruent zero rank module 4.
Afterword: upcoming developments
3–Sasakian instantons
Despite the difficulty to endow M∗ with a hyper-Kähler structure in the general 7–dimensional Sasakian case [cf.
Remark 5.11], we present an approach for an interesting special case of Sasaki-Einstein manifolds. A Riemannian
(4n+ 3)-manifold (M, g) is said to be 3–Sasakian if n ≥ 1 and the natural cone (C(M), g¯) is hyper-Kähler. Equiva-
lently, Sasakian structures {(ξj , ηj ,Φj)}3j=1 on M which satisfy ‘quaternionic relations’ [BG08, Proposition 1.2.2]:
g(ξj , ξk) = δjk, [ξj , ξk] = 2εjklξl,
ηj(ξk) = δ
jk, Φj(ξk) = −σjklξl, Φj ◦ Φk − ξj ⊗ ηk = −σjklΦl − δjk1.
(5.15)
Conjecture 5.12. On a 3–Sasakian 7-manifold, the ‘transverse quaternionic structure’ (5.15) induces a hyper-Kähler
structure onM∗.
Since a 3–Sasakian manifold admits actually a S2-family of Sasakian structures, one should expect to obtain a
familyM∗(τ), τ ∈ S2 of moduli spaces of irreducible contact instantons, with respect to the 3-forms η(τ) ∧ dη(τ),
cf. (2.4). It would then be interesting to assess the relations between the moduli spaces in such a family; there is no a
priori reason to expect them to be all isomorphic.
An orientation on the moduli space
Defining an orientation on a moduli spaceM∗ of connections on a principal bundle P → M cut out by some elliptic
condition is an essential step in defining enumerative invariants. The recent article [JTU20] provides a package of
general techniques to obtain a canonical orientation for a large class of such gauge-theoretic problems. This choice
occurs as a global section of the principal Z2–bundle pi∗ : i∗(OE•P ) → M∗, pulled back from the orientation bundle
pi : OE•P → BP under the inclusion i : M∗ → BP . In view of that important progress, it should then be relatively
straightforward to apply their techniques and prove [JTU20, Problem 1.3] for our moduli space of contact instantons.
Sufficient conditions for the obstruction vanishing H2B = 0
In view of Proposition 4.27, one might apply Bochner-type methods to arrange the vanishing of H2B , see e.g. [Ito83].
Then it is not very hard to establish a result along the following lines, which we state here as an announcement, while
postponing the proof to a more detailed upcoming work:
Conjecture 5.13. Let E → M be a Sasakian G-bundle [Definition A.5] over a compact Sasakian 7-manifold with
positive transverse scalar curvature. Then, at each irreducible selfdual contact instanton A on E, the second basic
cohomology group H2B vanishes.
In particular, since the transverse scalar curvature on a Sasaki-Einstein manifold is always positive [cf [BG98,
Proposition 1.1.9]]:
Corollary 5.14. The moduli space of irreducible SDCI over a Sasaki-Einstein manifold is smooth.
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Computations of transverse index in particular examples
Determining the dimension of a moduli space of irreducible and unobstructed contact instantons amounts to computing
the transverse index (4.35). In [BH16, § 5], this is performed by replacing the foliated complex [BH16, (3.3)]
0 Ω0B(gE) Ω
1
B(gE) Ω
+
B(gE) 0
DB DB
with a complex involving a suitable lifted T-action on gE [BH16, Propositon 2.8]. Hence the dimension of M∗ is
computed from the index of the symbol complex
pi∗(H∗ ⊗ gE) pi∗ ((Λ+H∗ ⊕ R)⊗ gE)σ(Q)(ς) ,
associated to the transverse elliptic operator [BH16, (5.1)]
Q = (D∗T , DT ) : Ω
1
H(gE) Ω
0
H(gE)⊕ Ω+H(gE) .
The transverse index can then be computed in several interesting cases (see [BH16, §§ 5.2 & 5.3]). We expect the
same approach to be applicable to the index of the symbol complex
pi∗(H∗ ⊗ gE) pi∗
((
Λ26⊕2H
∗ ⊕ R)⊗ gE)σ(DA)(ς) ,
associated to the transverse elliptic operator DA := d7 ⊕ d∗A defined in (3.10):
Ω1H(gE) Ω
0
H(gE)⊕
(
Ω26⊕1 ⊕ Ω2H
)
(gE).
DA
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A Sasakian vector bundles
We gather here some general results and definitions on ‘holomorphic’ vector bundles over Sasakian manifolds. This
concept obviously does not make strict sense as in classical complex geometry, but it admits a straightforward adapta-
tion in terms of the transverse complex structure. All results and definitions in this Appendix stem from the original
insights in [BS10]. We adopt the usual notation for a (2n+1)-dimensional Sasakian manifold (M,η, ξ,Φ, g). Standard
references for Sasakian geometry are [BG08, Bla10].
A.1 Differential forms on Sasakian manifolds
The contact structure induces an orthogonal decomposition of the tangent bundle,
TM = H ⊕ R · ξ =: H ⊕Nξ, (A.1)
where ker(η) =: H ⊂ TM is the distribution of rank 2n transverse to the Reeb field ξ, and the restriction J = Φ|H
defines an almost complex structure on H . We write indistinctly ξyα or iξ(α) to denote the interior product by ξ. We
denote the complexification of the tangent bundle by TMC := TM ⊗R C and also, respectively, NCξ and HC.
Definition A.1. A differential form α ∈ Ωk(M) is called transverse if iξα = 0. If moreover iξdα = 0, then α is said
to be basic (i.e., S1-invariant).
Let ΩkH(M) = Γ(M,Λ
kH∗) denote the space of transverse k-forms. Let α ∈ ΩpH(M) a locally defined, transverse
complex form and x ∈ M . Since iξαx = 0, the evaluation of αx on Λp((TMC)x) is determined by the values of αx
on the subbundle Λp((HC)x) ⊂ Λp((TMC)x). We denote the complexification of the transverse complex structure Φ
by
ΦCx := Φ|Hx ⊗R C : (HC)x → (HC)x. (A.2)
Since (Φ|Hx)2 = −1, the eigenvalues of ΦCx are ±i := ±
√−1, and the complexified horizontal distribution splits
accordingly:
(HC)x = H
1,0
x ⊕H0,1x . (A.3)
For p, q ≥ 0 we set
Hp,qx := Λ
p(H1,0x )
∗ ⊗ Λq(H0,1x )∗ ⊂ Λp+q(Hx)∗ ⊗R C,
therefore
Λd(HC)
∗
x =
d⊕
i=0
(Hi,d−ix )
∗, 0 ≤ d ≤ 2n. (A.4)
A section α is said to be of type (a, d− a). If the evaluation of α on Hi,d−ix is zero for all i 6= a. The decomposition
(A.4) gives a decomposition into a direct sum of vector bundles
ΩdHC(M) =
d⊕
i=0
Ωi,d−iHC (M),
where ΩpqHC(M) denotes Γ(M,Λ
p(HC)∗⊗Λq(HC)∗). Taking into account the dimension of Nξ and H , it follows that
Λd(TMC)
∗ = Λd((HC)∗ ⊕ (NCξ )∗)
= Λd(HC)
∗ ⊕ (Λd−1(HC)∗ ⊗ Λ1(NCξ )∗)⊕ (Λd−2(HC)∗ ⊗ Λ2(NCξ )∗)⊕ . . .
· · · ⊕ (Λ1(HC)∗ ⊗ Λ1(NCξ )∗)⊕ Λd(NCξ )∗
' Λd(HC)∗ ⊕
(
η ⊗ Λd−1(HC)∗
)
hence, combining with the decomposition (A.4),
Ωd(M) =
(
d⊕
i=0
Ωi,d−iHC (M)
)
⊕
η ⊗
d−1⊕
j=0
Ωj,d−j−1HC (M)
 . (A.5)
Proposition A.2. The transverse (1, 1)-form ω := dη|H is the fundamental symplectic form on H .
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A.2 Partial connections
Consider an integrable subbundle S ⊂ TMC, i.e. the sections of S are closed under the Lie bracket. Of course we
have in mind the particular case in which S = NCξ ⊂ TMC, but we state the first few definitions in general terms.
Definition A.3. Consider a complex vector bundle E → M , a partial connection on E in the direction of S is a
smooth operator D : Γ(E)→ Γ(Λ1S∗)⊗ Γ(E), satisfying the ‘Leibniz rule’
D(fs) = fD(s) + qS(df)⊗ s,
where the projection qS : (TMC)∗ → S∗ is the dual of the inclusion S ↪→ TMC.
Since the distribution S is integrable, smooth sections of ker(qS) are closed under the exterior derivation [BS10,
Section 3.2], this induces an exterior derivative on the smooth sections of S∗:
dˆ : Λ1S∗ → Λ2S∗.
Consider a partial connection D on S and the operator D1 : Γ(Λ1S∗)⊗ Γ(E)→ Γ(Λ2S∗)⊗ Γ(E) defined by
D1(θ ⊗ s) = dˆθ ⊗ s− θ ∧D(s).
Their composition
Γ(E)
D−→ Γ(E)⊗ Γ(Λ1S∗) D1−−→ Γ(E)⊗ Γ(Λ2S∗)
defines a torsion D1 ◦D := K(D) ∈ Γ
(
Λ2S∗ ⊗ End(E)). This section is called the curvature of D, we will say that
D is a flat connection if K(D) ≡ 0. We denote the extended anti-holomorphic (n+ 1)–dimensional foliation
H˜0,1 := H0,1 ⊕ (NCξ ) ⊂ TM ⊗R C, (A.6)
where H0,1 is defined in (A.3), it is shown in [BS10, Lemma 3.2] that the distribution in (A.6) is integrable.
Definition A.4. A (complex) Sasakian vector bundle on a Sasakian manifold (M, g, ξ) is a pair (E,D0). Where D0
is a partial connection in the direction of subbundle Nξ ⊂ TM and E →M is a complex vector bundle.
Notice that NCξ ⊂ H˜0,1, therefore, we can consider partial connections along H˜0,1, which define by restriction a
partial connection along NCξ . Furthermore, Nξ is a 1−dimensional foliation on M, so any partial connection along Nξ
is flat. When the context is clear, we denote by ∂¯ a flat partial connection D along H˜0,1 such that ∂¯|Nξ = D0, and we
abbreviate the notation by E := (E,D0).
Definition A.5. A holomorphic Sasakian vector bundle on a Sasakian manifold (M, g, ξ) is a pair E := (E, ∂¯), where
E = (E,D0) is a Sasakian vector bundle and ∂¯ is a flat connection on E along H˜0,1 (A.6).
A.3 Hermitian and holomorphic structures
We define a Hermitian structure on E as a smooth Hermitian structure h on E which is compatible with D0:
d(h(s1, s2))|Nξ = h(D0(s1), s2) + h(s1, D0(s2)) for s1, s2 ∈ Γ(E).
A unitary connection on (E, h) is a connection A on E such that dA preserves h in the usual sense.
A connection A ∈ A(E) induces a partial connection along H˜0,1 (A.6) given by DH˜0,1 := dA|H˜0,1 . If it coincides
with ∂¯, then A is called a integrable connection on E . Let A(E) ⊂ A(E) denote the subset of integrable connections
on E. The class of connections mutually compatible with the holomorphic structure and the Hermitian metric is the
natural analogue of the concept of Chern connection.
Proposition A.6. Let (E , ∂¯) be a holomorphic Sasakian bundle with Hermitian structure, then there exists a unique
unitary and integrable Chern connection Ah on E and FAh ∈ Ω1,1, moreover the expression
det
(
1E +
i
2pi
HAh
)
=
n∑
j=0
cj(E , h)
defines closed Chern forms cj(E , h) ∈ Ωj,j(M).
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